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The dynamic aeroelastic stability of airfoils and wings is determined by aerodynamic, inertial,
and elastic forces. A model representation of these forces is required to address aeroelastic
phenomena like flutter. This thesis deals with the effect of boundary layer transition on the
aerodynamics and aeroelasticity based on a computational fluid dynamics transition model.
A transition model for Reynolds Averaged Navier-Stokes computations is introduced that
allows the prediction of the transition behavior in transonic, high Reynolds number flows in a
low turbulence environment. The presented transition model is a simplification of the γ-Reθ
transition model and it is named γ transition model. The γ transition model is an empirical
model, based on a transport equation for the intermittency variable γ.
The γ transition model is calibrated with experimental data for 2-dimensional airfoil test
cases at moderate Mach numbers and moderate to high Reynolds numbers. After calibration,
a large number of validation test cases is computed. The model gives reasonable results up to
Reynolds numbers found in free flight. In addition, the extent of the laminar drag bucket is well
predicted compared to experimental results and the model behavior is similar to the established
eN method. The γ transition model closes an existing gap for high Reynolds number, external
aerodynamic applications in local correlation-based transition modeling.
Although the boundary layer influence on the aerodynamics is more pronounced at low
Reynolds numbers, a partly laminar flow affects the drag and lift at free flight Reynolds num-
bers. More important for aeroelastic considerations, the occurrence of laminar separations,
shock positions, and the shock strength are directly influenced by an upstream laminar bound-
ary layer. These effects enable aeroelastic effects like a torsional flutter, which is connected to




Die dynamische aeroelastische Stabilita¨t von Profilen und Tragflu¨geln wird durch aerodyna-
mische, Tra¨gheits- und elastische Kra¨fte bestimmt. Die Diskussion aeroelastischer Pha¨nomene
erfordert eine Modellierung dieser Kra¨fte. Diese Arbeit behandelt den Effekt der Grenzschicht-
transition auf die Aerodynamik und Aeroelastik, wobei ein Transitionsmodell aus dem Bereich
der numerischen Stro¨mungssimulation verwendet wird.
Ein Transitionsmodell fu¨r Reynolds-gemittelte Navier-Stokes-Methoden wird vorgestellt,
das die Vorhersage des Transitionsverhaltens in transsonischen Stro¨mungen bei hohen Reynolds-
zahlen und schwacher Sto¨rumgebung ermo¨glicht. Das vorgestellte Transitionsmodell stellt eine
Vereinfachung des γ-Reθ-Transitionsmodells dar und wird als γ-Transitionsmodell bezeichnet.
Beim γ-Transitionsmodell handelt es sich um ein empirisches Modell, das eine Transport-
gleichung fu¨r die Intermittenzvariable γ verwendet.
Das γ-Transitionsmodell ist mittels zweidimensionaler Profilstro¨mungen bei moderaten Mach-
zahlen und moderaten bis hohen Reynoldszahlen kalibriert. Nach der Kalibrierung wird eine
große Anzahl an Validierungsfa¨llen berechnet. Das Modell liefert zufriedenstellende Ergeb-
nisse bis zu Reynoldszahlen, die im Reiseflug auftreten. Zusa¨tzlich wird die Laminardelle in
der Lilienthal-Polare im Vergleich zu experimentellen Daten und der eN -Methode befriedigend
wiedergegeben. Das γ-Transitionsmodell schließt eine existierende Lu¨cke bei der lokalen korre-
lationsbasierten Transitionsbestimmung fu¨r Außenstro¨mungen bei hohen Reynoldszahlen.
Obwohl der Einfluss der Grenzschicht auf die Aerodynamik bei kleinen Reynoldszahlen
sta¨rker ausgepra¨gt ist, wird auch bei Reiseflug-Reynoldszahlen der Widerstand und Auftrieb von
einer teilweise laminaren Stro¨mung beeinflusst. Fu¨r die Aeroelastik ist hierbei von besonderer
Bedeutung, dass laminare Ablo¨sungen, die Stoßlage in der Transsonik und die Stoßsta¨rke durch
die laminare Grenzschichtstro¨mung stromauf direkt beeinflusst werden. So fu¨hren diese Effekte
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A = amplitude, m
b = semi-chord length, m
c = chord length, m
cd = drag coefficient
cf = friction coefficient
cl = lift coefficient
cm = moment coefficient around quarter-chord
cp = pressure coefficient
f = frequency, Hz
Iα = mass moment of inertia of wing segment about e.a., kg m2
k = specific turbulent kinetic energy, m2/s2
k = reduced frequency
K = acceleration parameter
Kt = scaled acceleration parameter
L = lift, kg m/s2
M = Mach number
My = moment, kg m2/s2
N = N factor
p = pressure, kg/m/s2
p = complex eigenvalue
Qi = aerodynamic force vector, (kg m/s2, kg m2/s2)T
RT = viscosity ratio
rα = radius of gyration about e.a.
Re = Reynolds number
Reν = vorticity Reynolds number
Reθ = momentum loss Reynolds number
VII
Nomenclature
s = distance along streamline, m
S = strain rate magnitude, 1/s
Sα = static mass moment of wing segment about e.a., kg m
Tu = turbulence level
u, v, w = velocity component in x, y, z direction, m/s
U = velocity, m/s
xα = non-dimensional distance of e.a. to c.g.
∆x = cell length in flow direction, m
yˆ = distance to the nearest wall, m
α = angle of attack, deg
α̂ = pitch amplitude, deg
β = Hartree parameter
γ = intermittency
δ = boundary layer thickness, m
δ = reduced damping
ζ = ratio Reν,max /Reθ = f(β)
η = similarity variable
θ = momentum loss thickness, m
κ = specific heat ratio
λθ = pressure gradient parameter
Λ = sweep angle, deg
µ = dynamic viscosity, kg/m/s
µt = eddy viscosity, kg/m/s
ξ = ratio Reν,max /Reθ = f(M )
ρ = density, kg/m3
τ = turbulence level, %
Φ = phase angle, deg
ψ = wave number direction, deg
ω = specific turbulence dissipation rate, 1/s





crit = critical value
e = boundary layer edge value
fl = value at flutter
h = heave derivative
ind = indifference value
L = laminar
m = mean value
t = transition onset
T = end of transition region / turbulent
α = pitch derivative
∞ = freestream
Abbreviations
AC = alternating current
ALF = Aerodynamik des Laminarflu¨gels
ALLEGRA = Aeroelastic stability and loads prediction for enhanced green aircraft
ALT = attachment line transition
aoa = angle of attack
CF = crossflow
CFD = Computational Fluid Dynamics
c.g. = center of gravity
DLR = Deutsches Zentrum fu¨r Luft- und Raumfahrt
dof = degree of freedom
e.a. = elastic axis
LCO = limit cycle oscillations
LE = leading edge
MAV = micro aerial vehicles
NLF = natural laminar flow
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1.1 Motivation and Scope
Aeroelastic phenomena arise from the interaction of aerodynamic, inertial, and elastic forces
(Bisplinghoff et al. 1996). To address any problem in aeroelasticity, the forces involved have to
be understood and a model representation has to be found. This thesis deals with the effect
of boundary layer transition on the aerodynamics and aeroelasticity based on a computational
fluid dynamics (CFD) transition model.
In most cases, laminar flow exists downstream of the stagnation point and after some
distance the laminar flow undergoes transition to a turbulent state. The boundary layer state
influences the forces acting on an aerodynamic object in a flow field. As the aerodynamic forces
change, the aeroelastic behavior is changed as well.
The computation of the flutter behavior with free boundary layer transition requires a
transition prediction method to determine the aerodynamic forces correctly. The DLR TAU-
Code provides a transition module based on the linear stability theory and a correlation-based
transition model. The transition module fails to give a robust transition prediction at the
laminar drag bucket limit and the correlation-based model is not suited for high Reynolds
number flows.
This thesis introduces a transition model for Reynolds averaged Navier-Stokes (RANS)
computations that allows the prediction of the transition behavior in transonic, high Reynolds
number flows in a low turbulence environment. The presented transition model is a simplifica-
tion of the γ-Reθ transition model and it is named γ transition model. The γ transition model
is an empirical model, based on a transport equation for the intermittency variable γ.
The first chapter gives an introduction into the topic of transition and aeroelasticity. The
second chapter presents transition mechanisms and influence parameters on transition. The
third chapter describes basic aeroelastic considerations for airfoil flutter. The fourth chapter
presents the transition model and the fifth chapter gives results for validation test cases. In
addition, unsteady test cases are presented, which include a discussion of the flutter stability




1.2.1 Transition and Aerodynamics
At the end of the 19th century, experimental and theoretical effort was put on the problem of
the resistance of fluid flows through pipes and of bodies moving through fluids. A description
of the general character of a fluid in contact with a solid surface had still to be found and
theorists were looking for a universal law of resistance. In 1883, Osborne Reynolds describes
two basic classes of motion of water:
“...– either the elements of the fluid follow one another along lines of motion which
lead in the most direct manner to their destination, or they eddy about in sinuous
paths, the most indirect possible.” (Reynolds 1883, p. 84)
As an example for this direct and sinuous motion, Reynolds presents the well-known pipe
experiment: Dye is injected into clear moving water. In the case of direct motion, any irregu-
larity will vanish in the absence of eddies and colored streaks of dye will be seen in the flow.
In the case of sinuous motion, the dye will spread throughout the fluid.
Osborne Reynolds studied the occurrence of these eddies in pipes and classified a flow by
the dimensionless quantity:
Re = ρU c
µ
(1.1)
– today named Reynolds number. It is given by the fluid density ρ, the flow velocity U , a
characteristic length c, and the dynamic viscosity µ. Reynolds assumed that the occurrence
of eddies in the flow and the change from direct to sinuous motion takes place at a certain
Reynolds number. Today these basic types of fluid flow are called laminar and turbulent flow.
Once the laminar flow gets unstable, it will undergo transition to turbulence.
According to Betchov and Criminale (1967), “[s]tability can be defined as the quality of being
immune to small disturbances”. In aerodynamic applications, there is a vast variety of sources
for small disturbances in the flow. They range from acoustic disturbances in the flow field to
surface imperfections and roughness elements. Therefore, “[l]aminar or organized flow is the
exception rather than the rule to fluid motion” (Criminale et al. 2003). Nevertheless, a laminar
flow is generally desired in many aerodynamic applications. In the case of an aircraft wing or
airfoil, the laminar flow will reduce the friction drag.
Three major transition mechanisms exist for a transport aircraft: attachment line transition,
crossflow transition, and Tollmien-Schlichting transition. The transition process depends to a































Figure 1.1: Natural laminar flow limit and transition modes for different Reynolds numbers and
leading edge sweep angles. Adapted from Redeker et al. (1990).
limit of natural laminar flow (NLF) and the dominant transition mode for different Reynolds
numbers and leading edge sweep angles according to Redeker et al. (1990). The NLF limit
describes the design space, for which a large extent of laminar flow is possible by means of
airfoil design. Beyond this boundary, active boundary layer control has to be used for extended
laminarity on the device. Once a large laminar boundary layer flow is achieved, the influence











Figure 1.2: Laminar drag bucket and drag bucket limit
Figure 1.2 depicts the effect of a laminar boundary layer flow on the lift and drag curve of
an airfoil. For a certain angle of attack range, the laminar boundary layer is stable over a large
part of the chord length. The airfoil drag is therefore significantly lower in this range and the
lift is increased. At some point, the transition position moves towards the leading edge. The
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drag bucket limit is reached and the beneficial laminar flow is lost. Depending on the airfoil










Figure 1.3: N factor distribution at the drag bucket limit: single frequency curves (red) and
envelope of all curves (blue)
Figure 1.3 depicts a N factor distribution on the suction side of a supercritical airfoil at
the drag bucket limit. The N factor describes the growth of disturbances inside the laminar
boundary layer based on the linear stability theory. In the eN method, the transition onset is
assumed at a critical value of N (van Ingen 1956; Smith and Gamberoni 1956). For the case
depicted, the transition location is prescribed based on an experimental transition location.
In the experiment, first instabilities are measured at x/c ≈ 0.4, the boundary layer is fully
turbulent at x/c ≈ 0.65, and the overall flow is steady (Hebler 2013, M = 0.7, α ≈ −0.2◦).
The critical N factor for the experimental transition location at x/c ≈ 0.65 does not give
a unique transition location. It is said to be pathologic as the envelope of the N factor curves
is intersected multiple times (Schrauf et al. 1998). In a CFD computation with free boundary
layer transition based on the eN method, no steady solutions are found for these cases, although
a steady flow field might exist. Fehrs et al. (2015) show that the transport equation approach
of the γ-Reθ model gives robust results at the drag bucket limit. However, the method fails for
high Reynolds numbers and needs to be revised.
1.2.2 Transition and Aeroelasticity
Aeroelastic phenomena are classified as dynamic or static problems. The former involve an in-
teraction between inertial, aerodynamic, and elastic forces, the latter between aerodynamic and
elastic forces (Bisplinghoff et al. 1996). The most prominent dynamic aeroelastic phenomenon
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is flutter. Flutter is defined “as the dynamic instability of an elastic body in an airstream”
(Bisplinghoff et al. 1996, p. 527).
Energy is transferred from the airstream into the movement of the elastic body by the
aerodynamic forces acting on it. Once flutter occurs, it is catastrophic in nature and will
usually result in the loss of structural integrity. The determination of the flutter boundary, the
airspeed at which flutter occurs, is a major part in the airplane design process.
Reports exist of unexpected aeroelastic behavior in wind tunnel experiments, which is sup-
posed to be caused by boundary layer transition. In addition, numerical studies on the unsteady
aerodynamic behavior associated with free boundary layer transition show the importance of
boundary layer transition in aeroelastic considerations. Some examples are given below.
Van de Vooren and Bergh (1951) report spontaneous pitch oscillations of a symmetrical
airfoil in a wind tunnel test. The oscillations occur only for a laminar boundary layer flow.
They are suppressed by creating a turbulent boundary layer on the airfoil. It is assumed that
the oscillations are due to an instability of the laminar boundary layer. The frequency of the
small amplitude oscillations coincide with the natural frequency of the model. In addition, the
frequency is in the range to excite unstable boundary layer modes. Therefore, it is assumed
that a self-exciting feed-back mechanism exists that is caused by the transition behavior of the
boundary layer (van de Vooren and Bergh 1951).
Erickson (1974) describes wind tunnel tests for low aspect ratio wings with subsonic airfoil
sections in transonic flows. This aerodynamic design is found on space shuttles. Without
boundary layer trips on the model, the Mach number at flutter increases slightly and the
flutter mode changes. The flutter mode is most likely a single mode type (Erickson 1974). As
the results are sensitive to the Reynolds number, Erickson (1974) stresses the importance of
testing as close as possible to full scale boundary layer characteristics.
Houwink et al. (1982) present results for a flutter test of a supercritical transport aircraft
wing in transonic flow. At low stagnation pressure, one-degree-of-freedom (dof) oscillations of
the model are reported with a zero damping of the wing bending. The low stagnation pressure
results in a decreased Reynolds number and the transition tripping gets ineffective. The airloads
given by a partly laminar boundary layer flow differ considerably from the airloads at higher
Reynolds numbers in a fully turbulent flow.
Mabey et al. (1987) investigate the effect of transitional boundary layers, for which a large
proportion of the boundary layer flow is laminar, on the aeroelastic behavior of wind tunnel
models. In a wind tunnel test, violent oscillations occur in the first wing bending mode if no
transition tripping is used. Mabey et al. (1987) assume that the transitional boundary layer
reduces the aerodynamic damping and magnifies the unsteady aerodynamic excitation.
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Poirel et al. (2008) report wind tunnel tests of a NACA 0012 airfoil in a low Reynolds
number range of Re = 104 ... 106, for which laminar boundary layer flow naturally exists on
the airfoil. The airfoil exhibits nonlinear dynamic behavior given by limit cycle oscillations.
Although no direct measurement is made, it is assumed that the oscillations are initiated by
laminar separation bubbles.
Hebler et al. (2013) describe a transonic wind tunnel experiment on the flow around the
supercritical CAST10-2 airfoil in the DNW-TWG transonic wind tunnel. The aerodynamic
coefficients of the supercritical airfoil show strong nonlinearities at the upper limit of the laminar
drag bucket in transonic flow. As the drag bucket is left, a phase lead of the pitch moment
coefficient derivative is found that makes a 1-dof flutter possible. The experimental results are
qualitatively reproduced by Fehrs et al. (2015) with the γ-Reθ transition model. Fehrs et al.
(2015) show that a transition-induced 1-dof torsional flutter exists.
All these cases demonstrate the importance to provide a reliable transition prediction
method for aeroelastic problems. A transition model, validated for high Reynolds numbers,
supports the design process and helps to model effects observed in free flight and wind tunnel
experiments.
6
2 Boundary Layer Transition
2.1 Transition Process
A boundary layer develops on any body moving through a fluid. The fluid will be at rest at the
wall and the fluid velocity increases towards the freestream. Figure 2.1 depicts the transition
process on a flat plate. A laminar boundary layer develops downstream of the stagnation point.
The fluid flow inside the boundary layer is orderly and laminar. There is only little exchange
of mass and momentum between adjacent layers of the boundary layer flow.
disturbance environment 
receptivity 
laminar flow  turbulent flow transition zone 
Figure 2.1: Transition process on a flat plate
The freestream or the wall provides a disturbance environment that acts on the boundary
layer. Disturbances are e.g. sound waves, velocity fluctuations, or wall roughness. The lam-
inar boundary layer will show receptivity for some disturbances provided by the disturbance
environment acting on the boundary layer. At some point, disturbances of a certain frequency
and wave length cause undamped oscillations of the boundary layer flow. As the oscillations
grow, the laminar boundary layer undergoes transition to a fully turbulent state. The fluid flow
inside the boundary layer is no longer orderly and the mass and momentum exchange between
adjacent layers of the fluid is increased.
2.2 Receptivity
The process in which disturbances from the freestream (e.g. sound or vorticity) or other distur-
bances (e.g. wall roughness) enter the boundary layer is called receptivity (Saric et al. 2002).
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The name receptivity for the first stage in the transition process is introduced by Morkovin
(1969). A main part of the receptivity process is the transformation of freestream (or other)
disturbances into small-amplitude perturbations inside the boundary layer (Schmid and Hen-
ningson 2001).
Receptivity 
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Figure 2.2: Receptivity and transition mechanisms. Adapted from Saric et al. (2002).
Figure 2.2 depicts a simplified overview of different paths to turbulence as presented by
Saric et al. (2002): Environmental disturbances enter the laminar boundary layer through a
receptivity process. For a weak disturbance environment, the transition process follows path A.
This transition mechanism is called Tollmien-Schlichting transition. The growth of disturbances
is weak and occurs over a long streamwise length. It is influenced by pressure gradients,
temperature gradients, etc. (Saric et al. 2002).
If the freestream provides the right initial conditions, transient growth can occur. In the
case of transient growth, two stable boundary layer modes interact. Transient growth can lead
to a spanwise modulation of two-dimensional waves (path B), directly to secondary instabilities
(path C), or to a bypass (path D) of the preliminary stages in the transition process (Saric
et al. 2002).
For very strong freestream disturbances, the linear disturbance growth is bypassed without
a transient growth mechanism and the boundary layer flow becomes directly turbulent (path E).






Tollmien-Schlichting transition (T-S transition) or natural transition is given by path A in Fig.
2.2. The transition mechanism is named after W. Tollmien and H. Schlichting. According
to Schlichting and Gersten (2006), natural transition is characterized by the following stages
(compare Fig 2.3):
1 2 3 4 5 6 
Figure 2.3: Stages of Tollmien-Schlichting transition on a flat plate according to Schlichting
and Gersten (2006)
1. The laminar boundary layer flow is stable and small disturbances inside the boundary are
damped.
2. Disturbances inside the boundary layer are no longer damped and 2-dimensional Tollmien-
Schlichting waves develop. This point is given by the indifference Reynolds number Re ind.
3. Secondary instabilities grow nonlinearly into 3-dimensional disturbances. Characteristic
Λ-structures develop inside the boundary layer.
4. The vortex structures break down into smaller and smaller vortices (Arnal 1984).
5. Turbulent spots develop and grow inside the boundary layer. A turbulent spot is a fully
turbulent flow region inside the laminar boundary layer.
6. The growing turbulent spots accumulate downstream and give a fully turbulent boundary
layer. This point is given by the critical Reynolds number Recrit.
The development of a theory of natural transition began at the end of the 19th century
but it took almost 50 years to establish the theory by experimental evidence. John William
9
2 Boundary Layer Transition
Strutt, 3rd Baron Rayleigh, developed a stability equation for small disturbances in parallel
inviscid flow, today known as Rayleigh equation (Rayleigh 1879, 1887). William McFadden
Orr (Orr 1907a, b) and Arnold Sommerfeld (Sommerfeld 1908) developed independently an
equation governing the stability of parallel viscous flow, today known as Orr-Sommerfeld equa-
tion. Based on the work of Ludwig Prandtl and Oskar Tietjens, Walter Tollmien (1929) was
the first to compute the neutral eigenvalue for a continuous profile (plane Poiseuille flow).
Based on Tollmien’s work, Hermann Schlichting (Schlichting 1933) was able to determine the
amplification for the most unstable frequencies.
The predicted instability waves, referred to as Tollmien-Schlichting waves, and the linear
stability theory received little acceptance because there was no experimental evidence that these
instability mechanism actually exist (Arnal 1984). This changed with the experimental results
of Schubauer and Skramstad (1948): In the 41/2-foot wind tunnel at the National Bureau
of Standards at turbulence levels as low as 0.032 %, two-dimensional instability waves were
detected. Small disturbances are able to excite these normal modes of the laminar boundary
layer only in a low turbulence environment (Arnal 1984). Therefore, the existence of T-S
waves was masked in earlier wind tunnel experiments with higher freestream turbulence levels
(Morkovin 1969).
2.3.2 Bypass Transition
Bypass transition is a transition mechanism at high freestream disturbance levels. It is given
by path E in Fig. 2.2. Primary modes and secondary mechanisms of the Tollmien-Schlichting
transition process are bypassed. The forcing environment interacts with the laminar boundary
layer and turbulent spots are directly produced inside the laminar boundary layer (Mayle 1991).
Suder et al. (1988) conducted experiments to determine the effect of the freestream turbu-
lence level on bypass transition. Tollmien-Schlichting waves are detected for turbulence levels
of 0.3 %. At a turbulence level of 0.65 %, the T-S path is already bypassed. For turbulence
levels above 3 %, sudden turbulent bursts occur. At these turbulence levels the laminar flow
shows a sudden change to a fully turbulent state.
The turbulent bursts occur over the entire boundary layer thickness and the convective
velocity of the turbulent spots is about 70 % of the boundary layer edge velocity (Mayle 1991).




A laminar boundary layer is more likely to separate compared to a fully turbulent boundary
layer. The turbulent mixing inside the turbulent boundary layer increases the shear stress and
delays the detachment of the boundary layer. A laminar separation might occur due to adverse
pressure gradients or at sharp corners of a geometry. In the case of a laminar separation,
transition to turbulence occurs in the shear-layer flow. The length of the bubble is determined






cf = 0 
D.A. R.F. 
Figure 2.4: Pressure and skin friction coefficient across a laminar separation bubble (D.A –
dead air region, R.F. – reverse flow vortex)
Figure 2.4 depicts the pressure coefficient cp and the skin friction coefficient cf over a laminar
separation bubble in an adverse pressure gradient flow1. At the separation and reattachment
point, the wall shear stress and the skin friction coefficient vanish as (∂u/∂y)w = 0. Downstream
of the separation point, the free shear layer is laminar and the viscous shear stress is low. As
the shear layer flow is not capable to overcome an adverse pressure gradient, a plateau in
the pressure distribution develops (Horton 1968). A dead air region exists downstream of
the separation point. Towards the reattachment point a strong reverse flow vortex is found.
According to Horton (1968), the maximum reverse velocities are in the order of 20 % of the
freestream velocity.
After transition takes place, the effect of turbulent entrainment will enable the flow to
overcome a certain pressure gradient and eventually to reattach. However, once the pressure
rise is too strong, the flow stays separated. Based on their effect on the pressure distribution,
two types of separation bubbles are defined (Mayle 1991): Short bubbles only have a local effect
on the pressure distribution; long bubbles change the whole pressure distribution and interact
1The figure is produced from CFD results.
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with the flow outside the boundary layer. The process in which a small bubble suddenly changes
to a long bubble is called “bursting”. Bubble bursting leads to dramatic lift losses or to a stalled
flow condition (Mayle 1991).
2.3.4 Crossflow Transition
Crossflow transition (CF transition) is a transition mechanism in a three-dimensional boundary
layer flow. An extensive overview of crossflow transition is given by Bippes (1999) and Saric
et al. (2003).
inviscid streamline  
at boundary layer edge  
xt 
zn 
location of spanwise 
pressure minimum 
Figure 2.5: Inviscid three-dimensional flow over a swept wing
inflection point 







Figure 2.6: Three-dimensional velocity profile. Figure based on Saric et al. (2003); Arnal and
Casalis (2000).
The pressure gradient and geometric sweep result in a s-shaped inviscid streamline at the
edge of the boundary layer on a swept wing (Boiko et al. 2002). Figure 2.5 depicts the inviscid
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streamline at the boundary layer edge qualitatively. Inside the boundary layer, the velocity
decreases towards the wall as well as the centrifugal force acting on the fluid element. The
pressure stays in first approximation constant. This excess of pressure forces on the fluid
element produces a crossflow component in the velocity profile (Bippes 1999; Saric et al. 2003).
Figure 2.6 depicts the crossflow velocity profile upstream of the pressure minimum in a
three-dimensional boundary layer. The tangential velocity component is in direction of the
inviscid boundary layer edge streamline. In addition to the tangential velocity, a crossflow
velocity component exists perpendicular to the inviscid boundary layer edge flow direction.
The crossflow component has to vanish at the wall and at the boundary layer edge. There-
fore, the crossflow velocity profile is inflectional (Saric et al. 2003). Rayleigh’s Inflection Point
Theorem (Rayleigh 1879) states that an inflection point in the mean velocity profile is a nec-
essary condition for any inviscid instability to occur. Later, Tollmien (1935) showed that an
inflection point is a sufficient condition for the existence of unstable modes. The inflection
point in the crossflow component provides the source for an inviscid instability. This insta-
bility results in co-rotating stationary vortices, whose axes are aligned with the local inviscid
streamlines (Saric et al. 2003). The vortices produce the characteristic jagged pattern of the
transition zone for crossflow transition (see e.g. Fig. 44 to 48 in the report by Dagenhart and
Saric 1999).
2.3.5 Attachment Line Transition
Attachment line transition (ALT) is a transition mechanism along the leading edge of a swept
wing. Figure 2.7 gives the basic concept of an attachment line flow on a swept wing. At the
attachment (or stagnation) line of the wing, a spanwise flow develops with a boundary layer
edge velocity Walt given by the freestream velocity and the sweep angle of the leading edge:
Walt = U∞ sin (ΛLE) (2.1)
A turbulent contamination introduced by the fuselage, an engine pylon, a small roughness
element, or a surface imperfection can disturb the laminar boundary layer in the mean flow
direction but also the spanwise attachment line flow. A spanwise turbulent attachment line
flow will eventually give a fully turbulent flow outboard2 of the contamination in the mean flow
direction and along the attachment line (see e.g. Gregory 1960). The negative effect of wing
sweep on a laminar flow is first reported by Gray (1952).
Pfenninger (1965) determined a critical leading edge momentum loss thickness Reynolds
2In the case of a backward swept wing.
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Figure 2.7: Attachment line flow on a swept wing





The critical leading edge momentum loss thickness Reynolds number is based on the attachment
line flow velocity in the freestream Walt and the local attachment line momentum loss thickness
θalt. At Reθalt = 90 to 105 turbulent bursts develop along the attachment line. For Reθalt > 104
[sic] the boundary layer is fully turbulent in spanwise and chordwise direction (Pfenninger
1965).
2.3.6 Relaminarization
Transition from a turbulent to a laminar boundary layer flow is called relaminarization or
reverse transition (Mayle 1991). A first systematic experiment is described by Launder (1964b)
and Launder (1964a): The boundary layer reverts to a laminar state and the resulting boundary
layer flow does not differ in any essential feature from a normal laminar state (Launder 1964a).
However, the process of relaminarization is gradual and the laminar boundary layer is not
necessarily completely recovered if the acceleration is not sufficient (Launder 1964b).
According to Launder (1964b) the acceleration provides a stabilizing effect in the experiment
by the overall environment (favorable pressure gradient) and by reducing the momentum loss
Reynolds number. The turbulent boundary layer departs from the universal law of the wall
under strong acceleration and viscous effects increase inside the boundary layer. At some point
the laminar sublayer starts to grow at the expense of the turbulent outer layer. Launder (1964b)
stresses that this explanation is solely based on mean velocity profiles and the change in the
turbulence characteristics has to be considered as well.
Based on considerations on departure from the logarithmic law, Launder (1964a) deduces
that a relaminarization of the turbulent boundary layer can be expected at magnitudes of the
14
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≈ 10−6. Later a value of K > 3 · 10−6 is established to
predict a relaminarization of the boundary layer (Jones and Launder 1972; Mayle 1991).
2.4 Transition Zone Length and Intermittency
Transition takes place over a finite length inside the boundary layer. The length of the transition
zone will be defined as the length between the first disturbance growth and the fully developed
turbulent boundary layer. For Tollmien-Schlichting transition, two-dimensional disturbances
develop at the indifference Reynolds number Reind. The end of the transition process is given
at the critical Reynolds number Recrit with a fully turbulent boundary layer (Schlichting and
Gersten 2006). However, the first disturbance growth is hard to detect and will most likely
not alter the mean flow. Therefore, definitions of start and end of the transition zone differ
between different authors.
The length of the transition zone depends strongly on the forcing environment and therefore
on the transition mechanism: A bypass transition mode will result in a shorter transition zone
length as the disturbance development is bypassed compared to Tollmien-Schlichting transition.
One of the earliest descriptions of the transition zone length is given by Dryden (1937). In
a flat plate experiment, transition zone length Reynolds numbers Rex up to 200 000 are found.
The Reynolds number at transition onset is determined by a comparison of measured velocity
profiles with the theoretical Blasius velocity distribution. However, an increase of velocity
fluctuations inside the boundary layer occurs at a considerably lower Reynolds number. In
addition, it is found that fully turbulent regions occur intermittently inside the transition zone.
The occurrence of such turbulent regions is termed transition point by Dryden (1937) and a
wide movement of the transition point is reported.
It took almost 15 years and an incidental observation to shed some light on the observed
transition behavior: In a water-table analogy to supersonic flow for demonstration purposes at
Harvard University, transition on a flat plate is obtained. The appearance of tiny turbulent
spots at some random instant and point is observed in the thin layer of water. These turbulent
spots grow as they are washed down the plate (Emmons 1951).
Emmons (1951) interprets the turbulent bursts described by e.g. Schubauer and Skramstad
(1948) or Dryden (1937) as turbulent spots passing over the measurement probe. Emmons
(1951) gives a statistical transition theory based on the turbulent spot production and prop-
agation. The method gives a quantitative prediction for the fraction of time a point in the
boundary layer is turbulent.
This fraction of time is called intermittency, usually denoted by γ. Emmons (1951) assumes
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that the local skin friction coefficient in the transition region is given as a superposition, based
on the intermittency and the laminar and turbulent friction coefficients:
cf = cfL (1− γ) + cfTγ (2.3)
Based on the experimental data of Schubauer and Klebanoff (1955), the intermittency con-
cept is further developed by Dhawan and Narasimha (1958). Although there is a vast amount of
literature on transition zone length and intermittency models (Abu-Ghannam and Shaw 1980;
Narasimha 1985; Narasimha and Dey 1989; Mayle 1991), the development of the transition
zone is often discarded in transition models for engineering purposes.
2.5 Influence Parameters on Transition
2.5.1 Overview of Parameters
The transition onset is determined by the disturbance environment that acts on the boundary
layer flow. Any parameter that changes this environment will have an effect on the transition
onset and the transition mode. Abu-Ghannam and Shaw (1980) give a list of parameters









• the history effect of the above
For some of these parameters a large body of experimental and theoretical work can be
found. For others no quantifiable data are available. In addition, in almost every experimental
test more than one of the above mentioned parameters is present.
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The effect of the freestream turbulence level, pressure gradient, and compressibility is de-
scribed shortly in the following section. A further insight requires an understanding of the
specific receptivity mechanism and the interaction with the relevant transition modes, which is
beyond the scope of this work.
2.5.2 Freestream Turbulence Level
Any external flow shows fluctuations in its pressure, velocity, density, and temperature field.
The amplitudes of the fluctuations have a strong effect on the development of any boundary
layer as seen from Fig. 2.2. Higher amplitudes in the forcing environment change the transition
mechanism and the transition onset. To describe the amount of turbulence in the flow field,











The turbulence level Tu is often given in percent. To indicate which value is meant, τ is used






u′2 + v′2 + w′2
)
U∞
· 100 % (2.5)
In general, the turbulence in a flow is anisotropic so that fluctuations differ in each spatial direc-
tion: u′2 6= v′2 6= w′2 (Fro¨hlich 2006). The anisotropic characteristic is strongest for fluctuations
of low frequency, i.e. small wavenumbers, which contribute most to the turbulent kinetic energy
k = 1/2
(
u′2 + v′2 + w′2
)
of the flow (Herwig 2008). In the case of isotropic turbulence, which is
assumed in eddy viscosity turbulence models (Fro¨hlich 2006), the fluctuations are of equal size






For applications in external aerodynamics, turbulence levels τ ≤ 0.1 % are most important.
High quality wind tunnels show turbulence levels of about τ ≈ 0.1 % and in free flight the
turbulence level is even lower (Schlichting and Gersten 2006). Although a simple value like Tu
or τ is very descriptive, it is still a gross simplification of what turbulence actually resembles.
As Kundu et al. (2012) state:
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“[The] idea of a spectral energy cascade is at the heart of our present understanding
of turbulence.” (Kundu et al. 2012, p. 545).
The idea of an energy cascade is first introduced by Lewis Richardson and later quantitative
described by A. N. Kolmogorov. According to Richardson, turbulent kinetic energy is constantly
transferred from large to small eddies. The turbulent kinetic energy is lost by viscous dissipation
on the smallest scales (Kundu et al. 2012).
In most cases, the momentum thickness Reynolds number at the transition onset Reθt is





According to Liepmann (1945), the momentum loss Reynolds number Reθ is an appropriate
parameter to describe boundary layer transition data as it is closely connected to the slope of
the velocity profile inside the boundary layer. The instability of the laminar boundary layer
depends strongly on the velocity profile (see Section 2.5.3). In addition, the momentum loss
thickness can be calculated more accurately than other boundary layer quantities by boundary
layer calculation methods (Hall and Gibbings 1972).















Abu−Ghannam and Shaw (1980)
Mayle (1991)
Langtry and Menter (2009)
Figure 2.8: Effect of freestream turbulence level on the transition onset Reynolds number
The basic effect of a turbulence increase is to decrease the transition onset Reynolds number
for a given transition mechanism (e.g. T-S transition). Moreover, the transition mechanism
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can change as the amplitudes of the disturbance environment grow (e.g. from T-S to bypass
transition). Different correlations for zero-pressure gradient flows are depicted in Fig. 2.8.
For turbulence levels below 1 %, the experimental data and the transition onset correlations
scatter strongly. Furthermore, experimental results from different sources are often obtained
by different measurement techniques and different definitions of the transition onset. Hall
and Gibbings (1972) give a broader insight into these problems as they review and discuss
experimental results and different methods to define transition parameters from various authors.
2.5.3 Pressure Gradient
The pressure gradient has a strong influence on the boundary layer stability. This can already
be seen by considering the velocity profile for different pressure gradients. A laminar boundary
layer under a positive (adverse) pressure gradient shows an inflection point, a boundary layer
under a negative (favorable) pressure gradient is inflection point free. As described in Section
2.3.4, Rayleigh (1879) and later Tollmien (1935) showed that an inflection point is a necessary
and sufficient condition for an inviscid instability of the laminar boundary layer. The inflection
point free boundary layer under a favorable pressure gradient is stable for Re → ∞. For
finite Reynolds numbers, an indifference Reynolds number exists, which is caused by a viscous
instability (Schlichting and Gersten 2006).
For positive pressure gradients exist sufficient experimental data to show the strong desta-
bilizing effect of the pressure gradient and most authors present correlations with qualitatively
similar results. For negative pressure gradients, the experimental data scatter and disagreement
exists on how to quantify the stabilizing effect.
Different non-dimensional parameters exist to describe pressure gradients in a flow (Brown
and Martin 1976):





pressure gradient parameter: λθ ≡ θ2ν dUdx (2.9)





The acceleration parameter K quantifies the acceleration in the freestream and is easily
obtained in an experimental facility (Mislevy and Wang 1995). It is related to the other
parameters by the boundary layer Reynolds numbers: Λ = K ·Re2δ and λθ = K ·Re2θ. According
to Mayle (1991), the acceleration parameter is the appropriate parameter to describe transition
in accelerated flows with bypass transition. The pressure gradient parameter λθ is expected to
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describe Tollmien-Schlichting transition as it includes information on the boundary layer profile
given by θ (Mayle 1991).
From stability analysis it is possible to obtain a stability limit for a boundary layer flow.
By solving the Orr-Sommerfeld equation it is possible to determine the indifference Reynolds
number Reind, above which first undamped solutions exist. These values can be considered as
a stability limit (see e.g. Wazzan et al. 1968). For Reynolds numbers below the stability limit,
no amplification of disturbances is possible for any Tollmien-Schlichting transition mode.









Reθ, ind − Wazzan et al. (1968)
Reθ t − Dunham (1972)
Reθ t − Abu−Ghannam and Shaw (1980)
Reθ t − Langtry and Menter (2009)
Figure 2.9: Effect of pressure gradients on the transition onset Reynolds number Reθt for τ =
0.027 %
Figure 2.9 depicts the stability limit given by Wazzan et al. (1968) and the correlations
given by Langtry and Menter (2009), Abu-Ghannam and Shaw (1980), and Dunham (1972).
The empirical correlations are depicted for τ = 0.027 %, which is the lowest turbulence level
assumed by Langtry and Menter (2009).
The correlations given by Abu-Ghannam and Shaw (1980) and Langtry and Menter (2009)
cross into the stable region for favorable pressure gradients. The focus of the correlation of
Abu-Ghannam and Shaw (1980) is on flows with high turbulence levels. In high turbulence
level flows, the effect of acceleration is negligible (Mayle 1991) and the stability limit is not
relevant as Tollmien-Schlichting transition is bypassed.
The correlation of Dunham (1972) is more appropriate for transition in a low turbulence
environment as the stability limit is not crossed. Similar correlations are presented by Liepmann
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(1945); Crabtree (1958); Hall and Gibbings (1972); Seyb (1972); Singh (1974).
Mayle (1991) states that the stabilizing effect of acceleration is significant in cases of low
turbulence levels. The effect of pressure gradients on boundary layer transition has to be
discussed in relation to the turbulence level. Pressure gradient effects for a bypass transition
mode will deviate strongly from a Tollmien-Schlichting mode as the presented data suggest.
2.5.4 Compressibility
Mack (1975), Narasimha (1985), and Mayle (1991) state that there is a lack of flat plate
transition data for high Mach number flows. An increase in Mach number is usually connected
to a change in the disturbance environment. Therefore, it is hardly possible to separate the
influence of compressibility from other influence parameters on transition.
A first insight can be obtained by considering theoretical results. Mack (1975) presents
amplitude growth curves from linear stability theory for increasing Mach numbers. The results
by Mack (1975) and Arnal (1989) show a strong stabilizing effect of compressibility for transonic
flows, a destabilizing effect for Mach numbers M = 2 to 3, and a stabilizing effect for hypersonic
flows.
In subsonic flow, 2-dimensional disturbances are most unstable for Tollmien-Schlichting
transition, which is described by Squire’s Theorem:
“If an exact two-dimensional parallel flow admits an unstable three-dimensional dis-
turbance for a certain value of the Reynolds number, it also admits a two-dimensional
disturbance at a lower value of the Reynolds number.”(Criminale et al. 2003, p.39)
For compressible flows, Squire’s Theorem no longer holds and 3-dimensional disturbances be-
come more unstable (Arnal 1989). The wave number direction ψ of the most amplified distur-
bance changes with increasing Mach number. The wave number direction ψ is the direction
normal to the wave crests given by the real parts of the wave numbers αr and βr (Arnal 1989):
tanψ = βr/αr (2.11)
As the Mach number increases, the maximum amplification is found for ψ 6= 0◦ and 3-
dimensional disturbances can no longer be discarded.
For transonic Mach numbers, there is hardly any data available that shows the single effect
of compressibility, predicted by linear stability theory. Fisher and Dougherty (1982) present
transition locations from free flight experiments for transonic Mach numbers. The transition
onset Reynolds number shows the behavior, predicted by the linear stability theory. However, as
21
2 Boundary Layer Transition
the Mach number increases the disturbance environment gets weaker. Therefore, the stabilizing
effect can not be solely attributed to compressibility.
Narasimha (1985) points out that transition in low speed wind tunnel tests is often driven
by freestream turbulence. In high speed tunnels, noise radiated from turbulent wind tunnel wall
boundary layers is the main driver. Therefore, direct comparisons between low and high speed
wind tunnels are problematic and might be misleading as the receptivity mechanism changes.
Based on some experimental data, Narasimha (1985) proposes an increase of the transition






or in terms of the momentum loss Reynolds number:
Reθt, comp =
√
1 + 0.38M0.6∞ Reθt, incomp (2.13)
for 0.2 ≤ M ≤ 2.4 and freestream turbulence levels of 0.1 % ≤ τ ≤ 3 %. Equation 2.12
gives a much lower stabilizing effect than the results predicted by Mack (1975) and Arnal
(1989). Without any well defined wind tunnel tests on the single effect of compressibility, the
quantifiable effect of a Mach number increase stays mere speculation.
2.6 Unsteady Boundary Layer Transition
Boundary layer transition is affected by an unsteady base flow and by an unsteady disturbance
environment. Any changes in the flow conditions might be periodic or singular events (e.g.
gust encounters). Periodic-unsteady transition is of high importance in gas turbines as the
flow is periodically unsteady. Turbulent wakes from an upstream rotor, stator, or trailing edge
shocks disrupt the laminar flow and cause a turbulent boundary layer region, which grows and
propagates downstream (Mayle 1991).
Unsteady flow effects also arise from the movement of airfoils and wings in a given, otherwise
steady flow. Helicopter rotor blades encounter periodic pitch and heave motion in forward flight
(Leishman 2000). The blades are designed to have large laminar flow regions for drag reduction
and experiments focus on the effect of boundary layer transition for large pitch amplitudes
α̂ > 1◦ on attached and stalled flow conditions (Richter et al. 2014).
Flapping wing propulsion of micro aerial vehicles (MAV) require a combined pitch and heave
motion of the wing (Radespiel et al. 2007). The aerodynamic performance of an MAV in the
low Reynolds number range Re  106 is largely determined by laminar separations and the
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transition process following the boundary layer separation (Lian and Shyy 2007). Hence, the
prediction of the unsteady transition behavior of separated flows is highly important.
In addition, airfoil and wing flutter is determined by the aerodynamic response to small
motions of the structure in the airstream. Forced motion experiments (Hebler 2013) and com-
putations (Fehrs et al. 2015) are used to investigate the flutter stability. For airfoil flutter
calculations, the response to small harmonic pitch and heave motion is considered with ampli-
tudes α̂ 1◦. Adequate methods to predict the unsteady transition behavior are required for
these conditions.
As Radespiel et al. (2007) and Richter et al. (2014) point out, there is little published on
models for unsteady transition prediction and information on the unsteady transition behavior
is often drawn from wind tunnel experiments. One exception is the unsteady eN method
presented by Radespiel et al. (2007) and Windte and Radespiel (2008). The unsteady eN
method uses a novel integration scheme to obtain the required N factors by considering the
temporal evolution of amplification rates in the unsteady laminar boundary layer (Bansmer
et al. 2010). The difference between steady and unsteady transition prediction increases with
reduced frequency of the motion. Large differences exist for k = ω c/2 /U∞ = 1 (Windte and
Radespiel 2008).
Krumbein et al. (2011) included and tested the unsteady eN method by Radespiel et al.
(2007) and Windte and Radespiel (2008) in the TAU transition module. Light and deep stall
test cases for the OA209 airfoil are used to investigate the unsteady transition prediction by
different simulation approaches. First, a steady boundary layer code is used to compute the
boundary layer profiles based on the RANS pressure distribution for the pitching airfoil. The
boundary layer profiles are evaluated with the standard eN method. Neither the boundary layer
code, nor the standard eN method account for the unsteady base flow. Second, the boundary
layer profiles are taken directly from the TAU-Code and the stability analysis is based on the
standard eN method. For this approach, the velocity profiles account for the unsteady boundary
layer flow, but the transition prediction method is steady. The third approach is given by the
unsteady RANS boundary layer data and the unsteady eN method. In addition, the γ-Reθ
transition model is used (Krumbein et al. 2011).
The fully steady transition prediction approach gives results similar to a fully turbulent
approach. The approaches based on the unsteady RANS data and either eN method give
qualitatively similar results. It remains unclear if the steady eN method is sufficient for dynamic
stall applications. The γ-Reθ transition model results resemble the steady eN method results
for unsteady boundary layer data (Krumbein et al. 2011).
Different authors use steady transition prediction methods for unsteady applications: Lian
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and Shyy (2007) investigate the aerodynamics of a MAV (Re = 60 000). The experimental data
by Radespiel et al. (2007) are compared to RANS results using a steady transition prediction
approach based on an eN method. The predicted transition behavior is considered good but no
final assessment for a general applicability is made as more tests are required (Lian and Shyy
2007).
Bansmer et al. (2010) study a birdlike airfoil to investigate the influence of flexibility on
the propulsive efficiency of flapping wings (Re = 100 000). The transition behavior is driven by
laminar separation bubbles. The experimental results are supported by RANS computations.
For transition prediction in most of the cases, a steady eN method is used for the unsteady
computations. According to Bansmer et al. (2010), the predicted transition behavior is slightly
improved by applying the unsteady transition prediction presented by Radespiel et al. (2007).
Yuan et al. (2015) use the γ-Reθ transition model for the prediction of limit-cycle oscillations
(LCO) of a NACA 0012 airfoil (Re = 77 000). According to Yuan et al. (2015), the γ-Reθ
transition model is advantageous for the prediction of LCO related to laminar separations
in strong disturbance environments (bypass transition mode). However, Yuan et al. (2015)
only show some qualitative agreement but uncertainties exist regarding the influence of the
turbulence level on the LCO amplitudes in the computations.
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3.1 Dynamic Aeroelastic Stability: Flutter
Flutter is “the dynamic instability of an elastic body in an airstream” and it occurs above a
critical airspeed, for which the structure exhibits sustained, harmonic oscillations (Bisplinghoff
et al. 1996, p. 527). For speeds above this neutral stability boundary, the oscillations of the
structure grow exponentially.
Flutter is induced by the aerodynamic forces, which is only possible if energy is extracted
from the airstream into the structure. For an airfoil undergoing pure heave motion, the os-
cillation is always stable in an inviscid, incompressible flow as the airfoil loses energy to the
airstream. The pitch motion can be unstable for certain combinations of mass distribution
and location of the elastic axis (Fung 2002). For a 2-degree-of-freedom system, the stability
is determined by the phase lag between the heave and pitch motion, and the frequency of the
motion.
Figure 3.1 depicts an airfoil undergoing a combined pitch and heave motion. For simplifi-
cation, quasi-steady airloads are assumed, for which lift and moment correspond to the steady
values. Two cases are depicted for different phasing between both modes (Freymann 2011).
In case I, pitch and heave are in phase as the maximum deflection in heave corresponds to
the maximum pitch position. During the first and third quarter of the cycle, the aerodynamic
lift and the heave motion are in the same direction. Energy is transferred from the airstream
into the airfoil. However, during the remaining time of the cycle, lift and motion are opposed
and energy is withdrawn. The overall energy balance is zero and the system is stable. In case
II, the pitch mode leads the heave mode by +90◦. Over the whole cycle, energy is extracted
from the freestream and the airfoil will encounter flutter at some critical airspeed.
In general, flutter is characterized by the interaction of two or more degrees-of-freedom.
The complexity of the mode-interaction requires a stability analysis that includes a description
of the structural model and the unsteady, aerodynamic airloads.
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Figure 3.1: Energy balance for different phasing between heave and pitch motion (adapted from
Freymann 2011)
3.2 Unsteady Aerodynamics
The unsteady aerodynamic forces acting on an airfoil or wing depend on Mach number, Reynolds
number, and frequency of the unsteady motion: Qi = f (Re, M, ω) (Leishman 2000). The fre-
quency ω is described in terms of the reduced frequency k:




Leishman (2000) gives the following characteristics for unsteady flows and reduced frequency:
The flow is steady for k = 0. In the range 0 < k ≤ 0.05, the flow is quasi-steady and unsteady
effects are small. Flows with reduced frequencies of 0.05 < k ≤ 0.2 are unsteady and unsteady
effects can not be neglected. For frequencies k > 0.2, the flow is highly unsteady and the
unsteady airloads dominate the aerodynamics.
A first theoretical description of the unsteady airloads on an oscillating airfoil is given by
Theodorsen (1935). Theodorsen’s theory describes the airloads on a harmonically oscillating
airfoil in inviscid, incompressible flow (Leishman 2000). A description of the basic concept is
given by Bisplinghoff et al. (1996); Fung (2002); Wright and Cooper (2007); Leishman (2000).
The Theodorsen aerodynamic represents the transfer function between the airfoil motion
26
3.2 Unsteady Aerodynamics















































C(k) is the frequency-dependent Theodorsen function, b the semi-chord length, and e the
location of the elastic axis relative to mid-chord. In both equations, the first term accounts for
the non-circulatory or apparent mass effects. The second term describes the circulatory effects
based on the Theodorsen function (Leishman 2000).
The circulatory terms of the lift and moment are caused by the vorticity in the wake of the
airfoil, which affects the circulation about the airfoil. The non-circulatory terms are given by
the acceleration of the mass of air through the motion of the airfoil, which causes a reacting
force on the airfoil itself (Wright and Cooper 2007; Leishman 2000).
Figure 3.2 depicts the unsteady aerodynamic airloads of an airfoil in pitch motion around
the airfoil center. For low reduced frequencies, the quasi-steady lift and moment (k = 0) is
reduced by the circulatory effects. For higher reduced frequencies, lift and moment increase
as the apparent mass forces dominate the unsteady aerodynamic forces (Leishman 2000). The
apparent mass effects are most important for control surface flutter at high reduced frequencies
(Wright and Cooper 2007).
Theodorsen aerodynamics gives a description for inviscid, incompressible flow. Compress-
ibility and viscosity are highly important in transonic flows. Therefore, the assumptions of
the Theodorsen aerodynamics are of little value. For viscous, compressible flows, the transfer
function between the motion of the airfoil and the unsteady aerodynamic loads can be obtained
by CFD methods. Forced motion computations are performed for a single reduced frequency
or a linear system identification is used to obtain the transfer function.
In linear system identification, the steady state is disturbed by a perturbation of small
amplitude to obtain the transfer function of the system. For a linear, time-invariant system,


























































Figure 3.2: Theodorsen aerodynamics for an airfoil pitching around mid-chord
the excitation X(iω) (Kaiser et al. 2015):
G(iω) = Q(iω)
X(iω) (3.4)
Q(iω) is given by the Fourier-transformed lift and moment for the smooth step function X(iω).
The step function is designed to give a broadband excitation of the system (Kaiser et al. 2015).
The flow field around an airfoil in a transonic flow is in general dominated by nonlinear
effects. For this case, linearity is assumed for sufficiently small disturbance amplitudes, for
which the system response is amplitude independent.
3.3 Flutter Solution for a Binary System
The influence of transitional flows on the flutter boundary will be investigated for a binary
system with a pitch and a heave degree-of-freedom. The 2-dof system is depicted in Figure 3.3.
The generalized coordinates are given by −→x = {h, α}T . The equation of motion is given by:
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Figure 3.3: 2-dof system for flutter calculations
The external forces Qi acting on the airfoil are given by the aerodynamic lift L and moment
My. If the elastic axis is the moment reference axis, they are easily expressed by the derivatives




−q∞ S clh −q∞ S clα
q∞ S c cmh q∞ S c cmα
−→x = q∞ S [A]−→x (3.6)
It is assumed that for harmonic motion in both degrees-of-freedom the lift and moment
response is linear and harmonic (Fo¨rsching and Tichy 2014). The p-k method is used to
compute the frequency and damping of the system for the Ansatz (Hassig 1971):




[M] p2 + [K]− q∞ S [A] = 0 (3.8)
The eigenvalues p are determined from equation 3.8. They describe the reduced damping
δ = σ b/U∞ and reduced frequency k = ω b/U∞ of the system:
p1 = δ1 + i k1, p2 = δ2 + i k2 (3.9)
The aerodynamic matrix [A] depends on the reduced frequency k. The frequency of [A(k)]
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Figure 3.4: Frequency and damping of a 2-dof system
Once the matrix [A(k)] is known for a specific Mach and Reynolds number, the frequency f
and reduced damping δ of the aeroelastic system is computed for increasing freestream veloci-
ties. From the resulting δ-U∞ diagram, the flutter speed is found at the zero-damping crossing.
An example of a flutter diagram is depicted in Fig. 3.4. The 2-dof system shows classical
bending-torsion flutter. The modes start to interact and the 1st mode gets unstable as the
velocity increases.
Classical bending-torsion flutter requires a mode interaction as it is shown in Fig. 3.4.
Therefore, the ratio of the structural natural frequencies (wind-off frequencies) has a strong
influence on the flutter behavior. For a binary system, the flutter speed is increased by an
increase of the frequency ratio (Wright and Cooper 2007).
The system given by equation 3.8 is coupled in terms of structural and aerodynamic param-
eters. The static moment Sα gives a non-diagonal structural matrix [M]. The lift coefficient
derivative due to pitch clα and the moment coefficient derivative due to heave cmh result in a
non-diagonal aerodynamic matrix [A]. The structural coupling is lost for a center of gravity
located on the elastic axis. The aerodynamic de-coupling requires a vanishing of the unsteady
lift and moment coefficient derivatives, which is generally not given for airfoils.
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4.1 γ-Reθ Transition Model
4.1.1 Local Correlation-Based Transition Model
The γ-Reθ transition model is a local correlation-based transition model. The transition model
utilizes two transport equations to model boundary layer transition based on empirical cor-
relations. The model is considered local as only information given at a single grid point is
used. There is no need to determine any integral boundary layer quantities, which are usually
employed in empirical correlations. The transition criterion for the transition onset Reynolds
number in the γ-Reθ model is given by the freestream turbulence Tu and the pressure gradient
parameter λθ:
Reθt = f(Tu, λθ) (4.1)
Both correlation parameters are not well defined inside the boundary layer and a transport
equation is used to provide the information on the transition onset momentum loss Reynolds
number Reθt inside the boundary layer. Instead of computing the actual momentum loss
Reynolds number Reθ to evaluate the transition criterion, an approximation is used, which
is derived from boundary layer equations.
A second transport equation for the intermittency variable γ is used to scale the turbulence
production of the underlying turbulence model (see Fig. 4.1). Once the transition onset is given,
the intermittency increases from its floor value γ = 0.02 to 1. The intermittency is used to
scale the turbulence production of the turbulence model. Outside the boundary layer, which is
approximated by blending functions, the intermittency is γ = 1 to maintain the characteristics
of the underlying turbulence model. The blending based on γ gives a smooth transition from
a laminar to a turbulent boundary layer flow.
The γ-Reθ transition model is based on a one-equation transition model introduced by
Menter et al. (2002). This predecessor model is built on a transport equation for an intermit-





Figure 4.1: Intermittency γ and turbulence production term Pk
the γ-Reθ transition model (Menter et al. 2006; Langtry et al. 2006) did not include two ma-
jor correlations due to proprietary reasons. Until the model was fully disclosed (Langtry and
Menter 2009), other authors used the model framework to calibrate the missing correlations
(e.g. Misaka and Obayashi 2006; Krause et al. 2008; Pettersson and Crippa 2008; Malan et al.
2009). In addition, the model is further developed to account for crossflow transition by Grabe
et al. (2016).
The γ-Reθ transition model is available in the DLR TAU-Code (Seyfert and Krumbein 2010).
In addition, the TAU-Code provides a transition module, which includes an eN method approach
based on the linear stability theory. The eN method is the standard transition prediction
method in the aircraft industry (Krumbein et al. 2009a, b). The DLR TAU-Code is a finite-
volume CFD solver for viscous and inviscid flows. It uses an edge-based dual-cell approach
and provides different eddy viscosity turbulence models to solve the Reynolds-averaged Navier-
Stokes (RANS) equations (Schwamborn et al. 2006).
4.1.2 Transition Model Description
As the correlation for the transition onset Reynolds number Reθt is not well defined inside the
boundary layer, Reθt is only computed in the freestream. A transport quantity R˜eθt is used to
transport the information on Reθt into the boundary layer. The transport equation for R˜eθt is








σθt (µ+ µt) ∂R˜eθt
∂xj
 (4.2)
with the production term Pθt:
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The production term is a proportional control for R˜eθt with the target value Reθt. The term
Fθt disables the production inside the laminar boundary layer. The basic concept of the R˜eθt
transport is depicted in Fig. 4.2. R˜eθt diffuses into the boundary layer and is convected
downstream. Once the quantity of R˜eθt is given at every grid point inside the boundary layer,
the transition criterion can be evaluated.
Figure 4.2: Diffusion and convection of R˜eθt
The evaluation is included in the γ transport equation. The intermittency γ is used to scale
the production and destruction of the turbulent kinetic energy of the underlying turbulence
model. Although the intermittency variable resembles the idea of Emmons (1951), it should
not be interpreted in the same way as it does not model the physical intermittency. The γ















with the production term Pγ:
Pγ = Flength ca1 ρ S
√
γFonset (1− ce1γ) (4.5)
and the destruction term Eγ:
Eγ = ca2 ρΩ γFturb (ce2γ − 1) (4.6)




. The term Fonset triggers the
transition onset, once the transition criterion is met. F turb in the destruction term is used to
turn off the intermittency destruction outside of the laminar boundary layer.
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The transition onset Reynolds number R˜eθt has to be compared to the local Reynolds number
Reθ at each station along the boundary layer. As the computation of a non-local quantity is not










where yˆ is the distance to the nearest wall.
The maximum vorticity Reynolds number is proportional to the momentum loss Reynolds
number Reθ (Menter et al. 2006). Therefore, the local value of the momentum loss Reynolds






Van Driest and Blumer (1963) use Reν directly as a transition criterion. The same formu-
lation is used by Rouse (1946) as a stability parameter χ. Rouse (1946) argues that a steep
velocity gradient is required for any disturbance to grow into a turbulent structure.
For a Falkner-Skan flow and different Hartree parameters1 β, the local ratio of Reν/Reθ
is computed and depicted in Fig. 4.3. At the wall, any disturbance is damped and equation
4.7 is zero. The same applies for the freestream, where du/dy is zero. The vorticity Reynolds
number Reν has a local maximum in the boundary layer at the point at which the breakdown
to turbulence is expected (van Driest and Blumer 1963; Rouse 1946).
Figure 4.4 depicts the ratio ζ = Reν,max/Reθ for different pressure gradients (i.e. Hartree
parameters). The γ-Reθ transition model predicts transition, once the critical momentum loss










The relation in equation 4.9 is included in Fonset in equation 4.5. The transition onset is given
at the location of Reν,max inside the laminar boundary layer, where first breakdown patterns
occur in a laminar boundary layer flow (Klebanoff and Tidstrom 1959; Kovasznay et al. 1962).
Therefore, no search procedure is required to determine Reν,max.
Langtry and Menter (2009) use a constant value of ζ = 2.193 to scale the vorticity Reynolds
number. The value of ζ deviates from the Blasius boundary layer value depending on the
Hartree parameter β. As the model includes a calibration for pressure gradient effects, it is not
1β = −0.1988: separation point, β = 0: Blasius boundary layer, β = 1: stagnation point
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Figure 4.3: Velocity profile and ratio of Reν/Reθ for different Hartree parameters β



















Figure 4.4: Ratio of Reν,max /Reθ for different Hartree parameters β
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required to use the exact value of ζ for different pressure gradients (Menter et al. 2015).
Once the intermittency increases, the turbulent kinetic energy is increased. This is achieved
by the coupling to the SST k-ω turbulence model. The production and destruction term of the
SST k-ω turbulence model are modified by the effective intermittency2 (Langtry and Menter
2009):
P˜k = γeff Pk (4.10)
D˜k = min [max (γeff, 0.1) , 1] Dk (4.11)
A complete description of the transition model with all model parameters and test cases is
given by Langtry (2006) and Langtry and Menter (2009).
4.1.3 Transition Model Deficiencies
Transition Onset Correlation
During research on airfoil flows in a wide range of Mach and Reynolds numbers, certain short-
comings of the γ-Reθ transition model are observed. The transition position is predicted too
far upstream in favorable pressure gradient flows at moderate and high Reynolds numbers,
compared to experimental data and results from the eN method.















Figure 4.5: Transition model deficiencies: Transition onset correlation
2The effective intermittency γeff is used to allow intermittency values γ > 1 in the case of a laminar separation.
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An example is depicted in Fig. 4.5: Experimental results for a two-dimensional airfoil at
Re = 9.5 · 106 and M∞ = 0.4 (NLF(1)-0414F, Run 15, see Section 4.2.4) are compared to
fully turbulent results from the SST k − ω turbulence model and transitional results from the
γ-Reθ transition model. The experimental results give a drag curve with a laminar drag bucket.
The drag bucket has a small extent with a rather sharp upper limit. The drag benefit is huge
compared to the fully turbulent results. Although the γ-Reθ transition model predicts some
laminar flow, the drag bucket is not reproduced.
The laminar drag bucket in Fig. 4.5 develops under favorable pressure gradients on the upper
and lower surface of the airfoil. The transition location is located at the pressure minimum at a
chord position far downstream. The transition onset correlation of the γ-Reθ transition model
is not able to reproduce the stabilizing effect of the accelerated flow.
In Section 2.5, different correlations for the influence of turbulence level and pressure gradi-
ent are presented. The pressure gradient correlation of Langtry and Menter (2009) agrees with
the correlation given by Abu-Ghannam and Shaw (1980). However, both correlations cross
the theoretical stability limit for favorable pressure gradients. This is of no concern for high
turbulence levels but questionable for T-S transition at low turbulence levels.
Turbulence Levels in External Flows
The main correlation parameter for the γ-Reθ transition model is the turbulence level Tu. The
turbulence level differs strongly between different applications: The freestream turbulence level
encountered during cruise flight (τ < 0.05 %) is lower than in a wind tunnel (τ ≈ 0.1 % ... 0.3
%). In gas turbine engines, the turbulence level is even higher: Compressor and turbine stages
show turbulence levels of τ = 5 % to 10 % (Mayle 1991).
In addition, the flow around an object changes the turbulence level in the vicinity of the
object. A trailing edge wake of a device, different local freestream velocities in rotor applica-
tions, and blockage effects in wind tunnels change the local turbulence level. The γ-Reθ model
accounts for these effects as a local turbulence level is computed. However, there is no experi-
mental data available, which show that the local deviation of the ambient turbulence level from
the farfield value is represented correctly.
Figure 4.6 depicts the turbulence level in the vicinity of an airfoil. The farfield values for
the viscosity ratio RT and τ are set to obtain a value of τ = 0.1 % at the airfoil. The turbulence
level increases as the flow approaches the airfoil. In the low turbulence regime, there is a strong
variation of Reθt with Tu. The turbulence level evaluated in the transition criterion can deviate

















Figure 4.6: Transition model deficiencies: Turbulence level τ
R˜eθt Transport Equation
Figure 4.7 depicts the R˜eθt and the intermittency distribution in a transonic flow on the suction
side of an airfoil close to the leading edge. The flow is accelerated, R˜eθt increases strongly, and
the information on the transition onset Reynolds number is transported into the boundary layer.
At some point downstream, the transition criterion is given and the intermittency increases.
From experimental data, it is known that the transition onset is influenced by the history
of the boundary layer flow and not the local value of the pressure gradient and turbulence
level (Abu-Ghannam and Shaw 1980). This supports the idea of a transport equation for
R˜eθt. Abu-Ghannam and Shaw (1980) investigate the history effect of adverse and favorable
pressure gradients in a flat plate experiment. A qualitative description is given on how the flow
history affects the transition behavior, but no correlation is proposed. The effect described by
Abu-Ghannam and Shaw (1980) is therefore hardly quantifiable.
The R˜eθt transport equation is calibrated with flat plate experiments (Langtry 2006). The
low speed experiments show transition at low Reynolds numbers (Rex < 0.5 · 106) in a low
turbulence environment. There is no information given, how history effects change with Mach
and Reynolds number. In addition, Abu-Ghannam and Shaw (1980) point out that flow history
has no effect on transition in flows with continuously increasing |λθ|, which is not considered
in the γ-Reθ transition model.
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Figure 4.7: Transition model deficiencies: R˜eθt transport
The ratio of convection (history effects) to diffusion (local effects) is controlled by the
parameter σθt. A higher value reduces the history effects as the diffusion of R˜eθt into the
boundary layer increases (Langtry 2006). Content and Houdeville (2010) use a value of σθt = 10
compared to σθt = 2 in the original model (Langtry 2006), which requires a recalibration of the
intermittency transport equation. The recalibrated model by Content and Houdeville (2010)
gives equivalent transition locations for the flat plate test cases presented by Langtry (2006).
Because no physical effect of the receptivity process is included in the model, there is no way
to determine any physical correct ratio of diffusion to convection for different flow conditions.
In addition, the choice of turbulence limiters has a strong effect on the R˜eθt transport.
As shown by Langel et al. (2016), this influence increases with Reynolds number. The R˜eθt
transport equation increases the calibration expenditure, but the upstream flow history effect
on transition can as well be modelled based on the intermittency equation.
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4.2 γ Transition Model
4.2.1 Transition Model Description
The transition model is transformed into a one-equation model by calculating the transition
onset Reynolds number Reθt directly inside the boundary layer. The transition model is reduced
to the transport equation for the intermittency variable γ to exclude any effect of the R˜eθt
transport equation. The transport equation for R˜eθt is replaced by an algebraic computation.
The model is named γ transition model. It is similar to the predecessor model of the γ-Reθ














The production term Pγ and the destruction term Eγ are modified compared to the γ-Reθ
transition model. The new production term reads:
Pγ = Flength ρ S Fonset (1− γ) (4.13)
with Flength = 14





calibration test cases considered, a constant value of Flength is sufficient to give reliable results.
The term Fonset activates the intermittency production once the transition onset Reynolds
number is reached:
Fonset = max (Fonset 2 − Fonset 3, 0) (4.14)
Fonset 2 = min (Fonset 1, 2) (4.15)














The denominator in equation 4.16 is changed to 2 compared to 2.5 in the γ-Reθ transition
model, the term Fonset 2 is simplified, and Reθt is used directly instead of Reθc. The viscosity
40
4.2 γ Transition Model







The transition criterion is given in equation 4.17. The momentum loss thickness Reynolds
number at the transition onset Reθt is compared to the scaled vorticity Reynolds number Reν/ξ.
The scaling parameter ξ = f(Me) contains a compressibility correction based on the local,
isentropic Mach number Me, which is obtained from the inflow Mach number M∞, inflow
pressure p∞, and the local static pressure p. The static pressure is approximately constant
across the boundary layer at each station along the body. It is identified as a boundary layer
edge value p = pe. The boundary layer edge pressure pe gives the isentropic boundary layer
edge Mach number Me (Anderson 2007):
Me =
√√√√√







In the γ-Reθ transition model, Reν = (ρ yˆ2S) /µ is computed based on the density ρ and
dynamic viscosity µ inside the boundary layer. In the γ transition model, the vorticity Reynolds
number is computed based on the boundary layer edge values ρe and µe for the following reason:
The value of ζ in equation 4.9 is given by a similarity solution of the Falkner-Skan equation4.
The Falkner-Skan equation is solved in terms of the non-dimensional wall distance η and the
non-dimensional velocity f ′(η) for different Hartree parameters β (Schlichting and Gersten
2006):
f ′′′ = − [ff ′′ + β (1− ff ′)] (4.20)





′ (1− f ′) dη (4.21)
Reθ is only defined in terms of boundary layer edge quantities. Reν has to be computed







3Inside the boundary layer, µt is computed based on the absolute value of the vorticity (Menter 1994).
4In the case of the γ transition model, the value of ξ in equation 4.17 is obtained for a similarity solution of a
compressible, zero pressure gradient flow and the same argument applies.
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2 T0 + 110 K
Te + 110 K
(4.24)
with µ0 = 1.7894 · 10−5 kg/(m s) and T0 = 288.16 K (Anderson 2007)5.
The destruction term Eγ in equation 4.12 is given by:
Eγ = ca2 ρΩ γ Fturb (ce2 γ − 1) (4.25)
with ca2 = 0.06, ce2 = 50
Fturb equals 0 outside the laminar boundary layer to disable the intermittency destruction. In
the case of shocks and in the vicinity of a turbulent wake, an intermittency decrease can occur
for the γ-Reθ transition model outside of the laminar boundary layer. Therefore, the original
term of the γ-Reθ transition model given by Fturb 1 is extended to:








Fturb = Fturb 1 Fθt (4.27)
Fθt is taken from Langtry (2006). It is computed based on Reθt instead of R˜eθt.
Figure 4.8 depicts Fonset 3 and Fturb 1 for an increasing viscosity ratio RT . Three different
states can be identified:
• State I: The boundary layer flow is laminar with RT  1 inside the boundary layer. The
intermittency starts to increase, once the transition criterion is given by Fonset 1 > 1.
• State II: As RT increases inside the boundary layer, Fonset 3 decreases, which enables
an increased intermittency production. Once RT increased far enough, intermittency is
produced even without Fonset 1 > 1.
5In the DLR TAU-Code, the reference values for the Sutherland equation are given by µ0 = 1.716·10−5 kg/(m s)
and T0 = 273K.
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Figure 4.8: Fonset 3 and Fturb 1 for an increasing viscosity ratio RT
• State III: The intermittency destruction Eγ decreases with Fturb 1. The boundary layer is
fully turbulent once Fturb 1 = 0.
A valid transition prediction starts in a boundary layer state I with RT  1. The γ
transition model is calibrated for an ambient value RT = 1 in the freestream. The desired
viscosity ratio and turbulence level are obtained by additional source terms in the turbulence
model equations (Spalart and Rumsey 2007).
There is no special treatment of laminar separations in the model as it is given by Langtry
and Menter (2009). The coupling to the SST k-ω turbulence model is not changed from Langtry
and Menter (2009).
4.2.2 Transition Criterion
The γ transition model is based on an empirical correlation that includes the effect of turbu-
lence level and pressure gradients. The disturbance environment is described by the farfield
turbulence level τ∞ and the acceleration parameter K. The definition of the turbulence level
by τ∞ is in agreement with the choice of a single critical NTS factor. Based on both correlation
parameters, the momentum loss Reynolds number at transition onset Reθt is determined:
Reθt = f(τ∞, K) = 120 + 380 kt τ
− 25∞ (4.28)
The effect of the pressure gradient is given by kt:
kt = exp {[3.2− 3.2min (√τ∞, 1)]Kt} (4.29)
Kt is based on the acceleration parameter K described in Section 2.5.3, which is also used in
the first version of the γ-Reθ transition model (Menter et al. 2006). It is discarded in the later
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version of the model (Langtry and Menter 2009). As Schreiber et al. (2002) point out, K is
inversely proportional to the unit Reynolds number. Therefore, K is scaled by the Reynolds
number to obtain a general non-dimensional pressure gradient parameter Kt:





The correlation for the transition onset Reynolds number Reθt is depicted in Fig. 4.9. On
the left, the influence of the turbulence level is depicted. On the right, the combined influence
of pressure gradient and turbulence level is given.
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Figure 4.9: Effect of turbulence level and pressure gradient on Reθt for Re = 106
K is computed based on the isentropic boundary layer edge values as described above.
The Reynolds number dependence is depicted on the left in Fig. 4.10. For different chord
Reynolds numbers Rec = 2 · 106, 20 · 106, and 60 · 106, the cp distribution is computed for a
NACA 65215 − 114 airfoil in a fully turbulent flow. Once the Reynolds number dependence of
K is considered, the curves for Kt collapse to a single curve for identical pressure coefficient
distributions. The effect of Kt and Rec on the transition onset is depicted on the right in Fig.
4.10: As the Reynolds number increases for a constant disturbance environment, the transition
location moves upstream.
The velocity gradient dUe/ds in equation 4.30 is replaced by the pressure gradient, noting









The pressure gradient along the streamline is given by projecting the pressure gradient vector
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Figure 4.10: Reynolds number dependence of K and influence on the transition location
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onto the normalized velocity vector:
dp
ds











The ratio ξ = Reν,max/Reθ changes with the Mach number as the boundary layer velocity
profiles are influenced by compressibility. To account for the influence of compressibility on
Reν , a compressibility correction for ξ is computed. A two-dimensional compressible flow over
a flat plate with zero pressure gradient is considered. The boundary layer equations are solved
numerically to obtain the parameter ξ as a function of the freestream Mach number:
ξ = Reν,maxReθ
= f(M∞) (4.33)
The method described by Mack (1965) and Criminale et al. (2003) is used. The non-
























g′ = U2T (4.36)
for the local non-dimensional velocity U , the scaled temperature θ, the non-dimensional viscos-
ity µ, the non-dimensional temperature T , and Prandtl number Pr.
The solution procedure is taken from Mack (1965): Equation 4.34 and 4.35 are rewritten
as a system of four first-order equations and a fourth-order Runge-Kutta scheme is used for
the numerical integration. The computations are performed for a constant Prandtl number
Pr = 0.72 and a constant specific heat ratio κ = 1.4 (Criminale et al. 2003).
Figure 4.11 presents the effect of a Mach number increase on the boundary layer in terms
of the non-dimensional variables. Figure 4.12 depicts ξ = f(M) for the numerically computed
boundary layer flow and the polynomial approximation for M = [0, 4]:
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Figure 4.11: Effect of increasing Mach number on the velocity profile and Reν . The line numbers
indicate the Mach number.























Figure 4.12: ξ as a function of freestream Mach number
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ξ = a3 M3 + a2 M2 + a1 M + a0 (4.37)
with a3 = −0.0186, a2 = 0.1569, a1 = 0.0091, a0 = 2.18844
Higher Mach numbers are not included as the main focus is on transonic, external applications.
The correction for ξ given by equation 4.37 is computed using the local isentropic Mach number
in the γ transition model.
The variation of ξ = f(M) is less than the variation of ζ = f(β) described in Section 4.1.2.
However, no correction for ζ is included. As stated by Menter et al. (2015), the variation
of ζ is already given by an appropriate correlation for pressure gradient effects. Once enough
experimental data for the effect of compressibility is available, the correction of ξ can be replaced
by a compressibility correlation.
4.2.4 Transition Model Calibration
Basic Idea
The γ transition model is calibrated for high Reynolds number flows (Re > 106) at moderate to
high Mach numbers (M > 0.3) in a low turbulence environment τ ≤ 0.5 %. Similar conditions
are found in external aerodynamic flows over airfoils and wings. For a constant value of Flength,
all coefficients of the transition onset correlation Reθt = f(τ∞, K) are determined.
The effect of the turbulence level τ is based on a modified version of the correlation given by
Mayle (1991). The asymptotic behavior of Reθt for τ → 0 allows a variation of Reθt that covers
the strong scatter of experimental results for τ  0.1 %. Equation 4.28 is likely to overpredict
Reθt for bypass transition (τ > 0.5 ... 1 %) as the direct comparison to the correlations of
Abu-Ghannam and Shaw (1980) and Mayle (1991) suggests.
For the influence of pressure gradients, it is assumed that the boundary layer transition is
given by a correlation similar to the theoretical results of Wazzan et al. (1968). The acceleration
parameter K is used rather than λθ because K can be computed directly without any iteration.
Although no correlation Reθt = f(K) is found in literature, the basic behavior can be taken
from Figure 16 in the lecture article by Mayle (1991).
The exact values of the coefficients in the transition correlation are found by matching the
transition locations for different two-dimensional flows. These cases are listed in Tab. 4.1. The
NLR 7301 case is used to calibrate the model for adverse pressure gradient flows. The NACA
65215 − 114 and NLF(1)-0414F cases are used to calibrate the model for favorable pressure
gradient flows. Especially cases for transition under a favorable pressure gradient are rare in
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literature, which increases the difficulties to develop a sound basis for the model calibration
and validation. A detailed description of the experimental data and the numerical set-up for
each case can be found in Chapter 5.
Table 4.1: Calibration cases for the γ model
airfoil τ / % M Re / 106
NLR 7301 0.05 0.299 1.1
NACA 65215 − 114 0.05 0.2 30
NLF(1)-0414F 0.08 0.4 9.5
Solver Settings
Second order central discretization schemes are applied for the spatial discretization of the
transport equations. In the case of the turbulence equations, a second order Roe scheme is
used. An implicit LUSGS-time scheme is used for time integration with a local time stepping
to accelerate the computation. For low Mach number cases, the TAU-Code low Mach number
preconditioning is used (for detailed description see DLR AS 2015). All calibration computa-
tions are performed on sufficiently fine grids to obtain a grid independent transition location.
The first cell height gives y+max < 1.
NLR 7301
The data presented by Zwaaneveld (1979) for the NLR 7301 at M = 0.299, Re = 1.1 · 106
is used to build the basic correlation for adverse pressure gradient effects. At M = 0.299 a
strong adverse pressure gradient exists on the upper surface downstream of the suction peak.
On the lower surface, the boundary layer separates under an adverse pressure gradient. The
detached flow undergoes transition and reattaches in a turbulent state. The model is calibrated
to capture the transition location, the length of the transition zone on the upper surface, and
the size of the laminar separation on the lower surface. The calibrated result is depicted on the
left in Fig. 4.13.
NACA65(215)-114
Braslow and Visconti (1948) present experimental results for a NACA 65215-114 with free
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Figure 4.13: Transition model calibration for the NLR 7301 and NACA 65215-114
turbulence level, high Reynolds number flow, the Re = 30 · 106 case at M = 0.2 is used. The
experimental transition location is x/c ≈ 0.375 on the upper surface and x/c ≈ 0.43 on the
lower surface.
The model is calibrated to predict the transition location on the upper surface of the airfoil.
The result is depicted on the right in Fig. 4.13. The local maximum in cf is found at x/c ≈
0.386. At the point of the first intermittency increase, the scaled acceleration parameter Kt
gives an increase of about 25 % in Reθt compared to a zero pressure gradient flow.
NLF(1)-0414F
Two angles of attack from Run 15 (Re = 9.5 · 106, M = 0.4) from the experimental data of
McGhee et al. (1984b) for the NLF(1)-0414F are used to determine the effect of favorable and
adverse pressure gradients on the transition location.
The lower limit of the laminar drag bucket in Run 15 is reached at α = −2.52◦. For a
small increase of α, the transition location on the lower surface moves downstream towards the
trailing edge. At α = −0.97◦, the minimum drag is reached inside the drag bucket. At this
angle of attack, large regions of laminar flow exist on the upper and lower surface. The CFD
results for both angles of attack are given by full symbols in Fig. 4.14.
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Figure 4.15 depicts the pressure and skin friction coefficients for both angles of attack
computed with the γ transition model. The flow at α = −2.52◦ is accelerated up to x/c ≈ 0.7
on the upper surface and the favorable pressure gradient stabilizes the boundary layer. On the
lower surface, a small suction peak exists that causes transition. For α = −0.97◦, the favorable
pressure gradient on the suction side reduces and the transition location moves towards the
leading edge. The transition location on the lower surface is moved to the recompression area
at 70 % chord as the suction peak at the leading edge vanishes.
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5.1 Flat Plate Test Cases
This section presents results for boundary layer flows on flat plates without pressure gradient.
It will be shown that the calibrated γ transition model gives reasonable results for a certain
range of turbulence conditions. All results are obtained on a computational grid with 500x100
nodes along the plate. The first cell height gives y+max < 1 for all cases with a growth ratio
of 1.1 normal to the wall. The grid spacing in flow direction is refined at the leading edge.
Table 5.1 presents the flow conditions for the cases investigated. In the following discussion,
the subscript t denotes the start of the transition process, the subscript T gives the end of the
transition region.
Table 5.1: Flow conditions for flat plate test cases
test case U∞ / (m/s) τ /% ρ / (kg/m3) µ / (kg/m/s)
Bennett (1953) 38.56 0.15 ... 0.45 1.2 1.8 · 10−5
Schubauer and Klebanoff (1955) 24.38 0.03 1.2 1.8 · 10−5
T3A 5.2 2 1.2 1.8 · 10−5
T3AM 19.8 0.5 1.2 1.8 · 10−5
5.1.1 Bennett (1953)
Bennett (1953) presents experimental results for zero pressure gradient flows on a flat plate.
The flow velocity is U∞ = 120 ft/s = 36.58 m/s for different turbulence levels. The Reynolds
number at the end of transition RexT is read from Figure 12 in the report by Bennett (1953).
The Reynolds number RexT and the turbulence level are given in Tab. 5.2. In addition, the






Table 5.2: Reynolds number at transition RexT from Bennett (1953)






The Reynolds number RexT from the γ transition model is defined as the point of the local
maximum in the skin friction distribution downstream of the transition onset. The left part of
Fig. 5.1 depicts RexT from the experiment and the γ transition model. The right part depicts
ReθT given by equation 5.1 based on RexT . In addition, the transition onset correlation for Reθt
from equation 4.28 is included.
























Reθt − γ model
ReθT − γ model
ReθT − Bennett (1953)
Figure 5.1: Flat plate experiment by Bennett (1953): Transition locations for different turbu-
lence levels
The transition location is matched reasonably well for all turbulence levels. From the right
part of Fig. 5.1 it can be seen that a constant offset between the end of transition and the
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transition onset is given. The offset is determined by the value of Flength for a given transition
onset correlation.
5.1.2 Schubauer and Klebanoff (1955)
Schubauer and Klebanoff (1955) present a flat plate transition experiment with a low turbulence
levels of τ = 0.03 %. No skin friction coefficients are given, but Figure 3 in the report by
Schubauer and Klebanoff (1955) depicts intermittency measurements for different x-coordinates
for a flow velocity of U∞ = 80 ft/s = 24.38 m/s. The intermittency values are used to compute
a friction coefficient based on the assumption of Emmons (1951):
cf = cfL (1− γ) + cfTγ (5.2)




and the turbulent skin friction coefficient by (White 1991):
cfT = 0.027/Re1/7x (5.4)
Figure 5.2 depicts the results for the γ transition model and the computed skin friction
coefficients from the intermittency data of Schubauer and Klebanoff (1955). The transition
model is not able to reproduce the transition location and a laminar flow is predicted. In
addition, the result for the γ-Reθ model with freely decaying turbulence is depicted. The inflow
conditions are set according to Langtry and Menter (2009) with τ∞ = 0.3 % and RT∞ = 1.
Langtry and Menter (2009) state a local freestream turbulence intensity1 of τ = 0.18 %. The
transition location is met for these conditions. However, for the increased turbulence level, the
γ model is also able to predict the experimental transition location.
Figure 5.3 depicts the Reθ distribution given by the γ transition model on the left. The











In addition, Reθ = Reν,max /ξ is depicted. Both Reθ distributions are in good agreement. In
the case of the experiment, the fully turbulent state is reached at RexT = 3.96 ·106, which gives
ReθT = 1321. In the right part of Fig. 5.3, ReθT is compared to the transition onset correlation.
1The value is most likely taken at the location of the first intermittency increase.
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γ model : τ = 0.03%
γ model : τ = 0.18%
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Schubauer and Klebanoff (1955)
Figure 5.2: Skin friction coefficients computed from intermittency distribution (Schubauer and
Klebanoff 1955) and from the transition models
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Figure 5.3: Reθ and Reθt from the γ transition model and ReθT from Schubauer and Klebanoff
(1955)
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Reθt from the γ transition model is too large to predict the transition onset correctly. The
computation for the Bennett (1953) test case for τ = 0.15 % gives an offset of ReθT−Reθt ≈ 411.
To predict the Schubauer and Klebanoff (1955) test case correctly, a value as low as Reθt = 920
is required in the onset correlation if the same offset is assumed. This value contradicts test
cases presented later.
5.1.3 ERCOFTAC T3 Series
Series Description
The ERCOFTAC T3 flat plate series contains well documented test cases for zero and non-
zero pressure gradient flows (Roach and Brierly 1992; Savill 1992). The T3 data is often used
to calibrate transition models (see e.g. Menter et al. 2006; Langtry 2006; Krause et al. 2008;
Suluksna et al. 2009; Malan et al. 2009). The test cases show high turbulence levels and low
flow velocities. The T3A and T3AM cases are evaluated with the γ transition model.
T3A: Zero Pressure Gradient, High Turbulence Level
Based on the high inflow turbulence level of τ∞ ≈ 3 %, a bypass transition mechanism can be
expected for the T3A test case. At the transition onset, the turbulence level is τ ≈ 2 %. To
match the high turbulence level in the experiment, a high viscosity ratio RT is required if no
sustaining turbulence approach is used. Figure 5.4 gives an example of turbulence conditions
to meet the T3A turbulence level along the plate.
In the experiment, the skin friction values start to deviate from the laminar solution at
Rext = 1.348 · 105. The boundary layer is fully turbulent at RexT = 2.735 · 105. A turbulence
level of τ = 2 % is used in the computation with the sustaining turbulence approach. The
viscosity ratio is set to RT = 1, which is the default value for the γ transition model. In
addition, a computation for RT = 11 is performed. The high viscosity ratio matches the value
for a free turbulence decay rate at the transition location (see Fig. 5.4). The T3A case is usually
computed with high RT values (see e.g. Langtry 2006; Menter et al. 2015). A computation with
the γ-Reθ model for freely decaying turbulence is also performed. The inflow conditions are set
according to Langtry and Menter (2009) with τ∞ = 3.3 % and RT∞ = 12.
Figure 5.5 presents the experimental results, the γ transition model results for RT = 1 and
RT = 11 for a turbulence level of τ = 2 %, and the results for the γ-Reθ model. In addition,
results for RT = 1 and τ = 0.2 % are included for the γ model. The transition location is
neither met for the RT = 1 cases nor the RT = 11 case with the γ model. The results depend
strongly on the viscosity ratio. The RT = 1 case with τ = 2 % shows an erroneous transition
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Figure 5.4: T3A: Turbulence decay










RT = 1, τ = 2%
RT = 11, τ = 2%
RT = 1, τ = 0.2%
γ−Reθ model
ERCOFTAC
Figure 5.5: T3A: Skin friction coefficients
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Figure 5.7: T3A: Velocity, intermittency, Fonset 1, and Fonset for τ = 2 % and τ = 0.2 %, RT = 1
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Figure 5.8: T3A: γ-Reθ model with decaying turbulence (left) and γ model with sustaining
turbulence (right)
behavior as the skin friction coefficients deviate from the laminar solution, but a fully turbulent
state is not reached. The γ-Reθ model reproduces the experimental results within the expected
accuracy.
Figure 5.6 and 5.7 depict the velocity distribution, the intermittency distribution, the term
Fonset 1, and Fonset for the γ transition model. For both high turbulence cases in Fig. 5.6,
the intermittency starts to grow at the boundary layer edge. At the bounday layer edge, the
transition criterion is not given as Fonset 1 < 1. For RT = 11, the high viscosity ratio at
the boundary layer edge gives a decrease of Fonset 3, which allows an intermittency production
without Fonset 1 > 1. This behavior is required to maintain the intermittency production for
cases with a long transition region or a confined transition mechanism (suction peak). For the
RT = 11 case, the model behavior is erroneous as the Fonset 1 transition criterion has not been
reached at the first intermittency increase. The τ = 2 % case with RT = 1 shows a similar
misbehavior. For τ = 0.2 % in Fig. 5.7, the boundary layer stays laminar as Fonset is not
affected by the freestream turbulence.
Figure 5.8 depicts the velocity distribution and the intermittency increase for the γ-Reθ
model (left) and the γ model (right). The γ-Reθ model shows the same intermittency increase
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initiated from the freestream. The actual transition criterion with Fonset 1 > 1 is not given at
this location.
The γ transition model should not be used with freestream viscosity ratios RT > 1 for T-S
transition as RT is used in the transition onset criterion. Any intermittency increase should
start inside the boundary layer at the local maximum of the vorticity Reynolds number Reν
for a T-S transition mode. The γ transition model shows a similar transition behavior as the
γ-Reθ model in a high turbulence environment, which is associated with bypass or wake-induced
transition. The high freestream viscosity ratio initiates an intermittency growth, starting at
the boundary layer edge. In the case of the γ transition model, this effect is not calibrated or
tested systematically to account for any bypass or wake-induced transition yet.
T3AM: Zero Pressure Gradient, Low Turbulence Level
The T3AM case is the experimental setup with the highest flow velocity U∞ = 19.8 m/s and the
lowest turbulence level τ ≈ 0.5 % at the transition location. The low turbulence level allows T-S
transition. Therefore, the case is suited to test the γ transition model’s prediction capabilities.
In addition to the γ model, the results for the γ-Reθ transition model are included. The inflow
conditions are set according to Langtry and Menter (2009) with τ∞ = 0.874 %, RT∞ = 8.72,
and freely decaying turbulence for the γ-Reθ model. In the case of the γ transition model, the
turbulence level is set to τ∞ = 0.5 % and RT∞ = 1 with sustaining turbulence.
Figure 5.9 depicts the skin friction coefficients. In addition to the experimental and com-
puted values, the theoretical curve for a laminar boundary layer from equation 5.3 is given.
The experimental cf values start to deviate from the laminar solution at about Rex ≈ 1.7 · 106.
The γ transition model gives the main cf increase at this location. The gradual increase in skin
friction from the experiment is not reproduced by the γ transition model. The γ-Reθ transition
model gives a good prediction of the onset and the slope of the skin friction increase.
Figure 5.10 depicts the momentum loss thickness Reynolds number Reθ. The boundary
layer velocity profiles from the γ transition model are integrated to give Reθ. In addition,
the correlated momentum loss thickness Reynolds number given by Reν,max / ξ is depicted and
compared to the experimental ERCOFTAC data. Both, the integrated and correlated values
of Reθ are in good agreement with the experimental data up to Rex = 106. The intermittency
starts to increase at this point and the agreement is lost for the correlated value Reθ = Reν,max / ξ
as the intermittency changes du/dy. The effect is less pronounced for the integrated value of
Reθ based on the flow field data. The intermittency distribution for the γ model is depicted in
Fig. 5.11.
Based on the skin friction coefficients, the transition onset given by the γ transition model is
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Figure 5.9: T3AM: Skin friction coefficients
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Figure 5.11: T3AM: Intermittency distribution
in good agreement with the experiment. The increase in skin friction is caused by the changed
velocity gradient at the wall (du/dy)w and the intermittency has to grow towards the wall to
change this velocity gradient. The intermittency increases from Rext = 106 to RexT ≈ 1.7 · 106
in the boundary layer, but there is no significant increase of skin friction in this transition
region upstream of Rex ≈ 1.7 · 106. Based on the first intermittency increase, the transition
onset is too far upstream.
The intermittency variable of the γ transition model does not represent the intermittent
boundary layer behavior in a flow. The slow increase in cf in the experimental data is most
likely linked to the time averaged effect of turbulent fluctuations (physical intermittency). This
process is not represented in the γ transition model as the intermittency is used as a blending
function for the production of turbulent kinetic energy k. For this reason, a comparison of Reθt
given by the transition model and the experimental Reθt can be misleading. The end of the
transition process given by RexT or ReθT is more precise in a comparison between transition
model and experimental results.
5.1.4 Grid Dependency: Flat Plate
The grid dependency of the γ transition model is similar to the γ-Reθ transition model described
by Langtry (2006). The grid density in the streamwise direction has to be higher, compared
to fully turbulent computations. On very coarse grids, the intermittency production will be
altered and the transition behavior changes. The T3AM test case is used to depict this grid
dependency. Table 5.3 lists the different grids with the number of grid points along the wall p
and the overall number of grid points n in one symmetry plane.
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Table 5.3: T3AM: Grid dependency
p n n−1/2 · 103
very coarse 125 66 036 3.891
coarse 250 124 683 2.832
medium 500 195 425 2.262
fine 1000 350 463 1.689
Figure 5.12 depicts the results for the four grids in terms of the global skin friction coefficient
Cf and the local skin friction coefficients cf . On the very coarse grid, the development of cf
deviates from the finer grids although the fully turbulent boundary layer is given at the same
location. No benefit exists for the fine grid compared to the medium grid. The transition
behavior does not change significantly.
























Figure 5.12: T3AM: Grid dependency
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5.2 Steady Airfoil Test Cases
5.2.1 NLR 7301
Airfoil and Test Case Description
The AGARD report AR-138 (Zwaaneveld 1979) contains a wind tunnel test for the NLR 7301
airfoil with free boundary layer transition. The measurements are contributed by the Na-
tional Aerospace Laboratory (NLR), Amsterdam. A detailed description of the test is given by
Zwaaneveld (1976). The NLR 7301 is an aft-loaded, supercritical airfoil with a maximum thick-
ness t/c = 16.3 %. In potential flow, the shock-free design point is given at Ma = 0.721 with
cl = 0.595. The airfoil represents the 42 % half-span section of a supercritical wing (Zwaaneveld
1976). The design method is described by Boerstoel and Huizing (1975).
In the wind tunnel test, the theoretical airfoil geometry is cut-off at x/c = 0.985 to obtain
a finite trailing edge. This results in a rotation of the airfoil by ∆α = −0.194◦ compared to
the design coordinate system. The airfoil coordinates are taken from Zwaaneveld (1979). The
NLR 7301 is depicted in Fig. 5.13.








Figure 5.13: NLR 7301: Geometry
The experimental data contain fully turbulent and transitional results for a Mach number
variation at a constant angle of attack and an angle of attack variation at a constant transonic
Mach number. For the fully turbulent flow, the boundary layer is tripped at x/c = 0.3. In
certain cases, transition takes place upstream of the transition tripping.
The experiments are performed in the NLR Pilot tunnel, which is a continuous, closed
circuit wind tunnel with slotted top and bottom walls (Zwaaneveld 1979). The turbulence level
is given in terms of pressure fluctuations cp, rms. Under the assumption of plane sound waves,
the pressure fluctuations are transformed to velocity fluctuations (Michel and Froebel 1988):
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= 12 cp, rms M (5.6)
Table 5.4 gives the turbulence level cp, rms (Zwaaneveld 1979, Fig 4.5) and τ for the NLR Pilot
tunnel. The turbulence level increases for increasing Mach numbers. Turbulence measurements
are prone to measurement errors, and there is no information available on the size of the
measurement errors. In addition, equation 5.6 only represents the effect of plain sound waves.
Fluctuations due to acoustical standing waves or free shear layers and boundary layers are not
included (Michel and Froebel 1988).
Table 5.4: NLR Pilot Tunnel: cp, rms and τ












The Mach number sweep presented by Zwaaneveld (1979) is computed with the γ transition
model. The wind tunnel test is conducted at a constant, nominal angle of attack of αn = 0.85◦
(except for M = 0.299 with αn = 0.84◦). For each Mach number, a wind tunnel correction for
the angle of attack αcorr is given by Zwaaneveld (1979), based on the measured lift coefficient,
moment coefficient, and Mach number. For the CFD computations, an angle of attack is used
that gives the correct suction peak on the upper surface of the airfoil. The flow conditions are
listed in Tab. 5.5.
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Table 5.5: NLR 7301: Mach number sweep
Re / 106 M αcorr / deg αCFD / deg τ / % cp,crit
1.1 0.299 0.3966 0.78 0.05 −6.998
1.7 0.502 0.3909 0.58 0.095 −2.112
1.9 0.599 0.3832 0.52 0.126 −1.301
2.0 0.649 0.3833 0.48 0.138 −1.014
2.1 0.699 0.388 0.4 0.149 −0.783
2.2 0.724 0.378 0.3 0.153 −0.684
2.2 0.747 0.2152 0.41 0.158 −0.602
2.2 0.774 0.2544 0.75 0.159 −0.513
2.3 0.8 0.4251 1.2 0.16 −0.435
2.3 0.825 0.5681 1.2 0.155 −0.366
Figure 5.14 depicts the transition locations read from Zwaaneveld (1979, Fig. 4.7, p. A4-
16) and the computational results for the γ transition model. Zwaaneveld (1979) does not give
detailed information on how the transition location is defined or measured. Surface flow visu-
alizations are mentioned without any further explanation. It is most likely that the transition
location identifies the end of the transition region. Therefore, the local maximum in the cf
distribution from the CFD results is given in Fig. 5.14. In the case of a laminar separation, the
point is given at which the intermittency has grown towards the wall. An example is depicted
in Fig. 5.15: The separated flow undergoes transition. Inside the separation bubble the inter-
mittency increases at the recirculation vortex. The transition position is defined as x/c ≈ 0.61
for this case, as the intermittency has grown towards the wall at this location.
The transition positions from the γ transition model and the experimental results agree
reasonably well for most Mach numbers. Especially the transition movement towards the
trailing edge for M > 0.7 on the upper surface is captured. For most Mach numbers, laminar
separation bubbles occur. For high Mach numbers, the laminar separations are connected to
shocks.
Figure 5.16 to 5.20 depict the pressure and skin friction coefficients for the Mach number
sweep. The symbols indicate the experimental results and the lines give the γ transition model
results. Full symbols and solid lines depict the upper surface, open symbols and dashed lines
depict the lower surface. In addition, the critical pressure coefficient is given by the horizontal
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Figure 5.14: NLR 7301: Transition locations for the Mach number variation
line in the pressure distribution.
Figure 5.16: The flow is subsonic for M = 0.299 and 0.502. The M = 0.299 case is used to
calibrate the model. Therefore, the pressure distribution on the upper surface and the size of
the laminar separation is met. The agreement for M = 0.502 is almost as good as for M = 0.299.
The transition zone length gets smaller and deviations in the pressure distribution are found
at the transition location on the upper surface.
Figure 5.17: The flow is transonic at the suction peak for M = 0.599 and 0.649. The
computed pressure distribution on the upper surface starts to deviate from the experimental
data. The transition region length is predicted too small. For M = 0.649, the laminar flow is
close to separate on the upper surface. A small laminar separation bubble downstream of the
suction peak probably exists in the experiment.
Figure 5.18: Transonic flow exists on the upper surface for M = 0.699 and 0.724. In the
case of M = 0.699, the predicted laminar separation on the upper surface is too small. For
M = 0.724, the shock position moves downstream. The boundary layer does not separate in
the computation and stays laminar up to the shock-induced transition at x/c ≈ 0.28. In the
experiment, the flow separates and the transition position is further upstream. The laminar
separation bubble on the lower side of the airfoil is predicted too small by the transition model.
Figure 5.19: Transonic flow exists on the upper and lower surface for M = 0.747 and
0.774. The M = 0.747 test case “is the shock-free (or practically shock-free) experimental
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Figure 5.15: NLR 7301: Separation induced transition – Intermittency distribution and velocity
vectors
computed flow matches the experimental flow at M = 0.754 depicted by Zwaaneveld (1976)(Fig.
2), which indicates the high Mach number sensitivity of the flow state. For M = 0.774 the
agreement is poor. The shock is too far upstream in the CFD computation and the boundary
layer reattaches only slightly. The computed flow separation on the lower surface is too far
downstream.
Figure 5.20: Transonic flow on the upper and lower surface for M = 0.8 and 0.825. The
shock position is too far upstream in the CFD computation, and the laminar flow on the lower
surface separates too far downstream. For both Mach numbers, the flow is detached up to the
trailing edge, which is not the case in the experimental data. The transition model is not able
to reproduce the correct development of large separation bubbles in transonic flow.
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Figure 5.19: NLR 7301: Pressure and skin friction coefficients: M = 0.747 and M = 0.774
72








M = 0.8 M = 0.825









0.0 0.2 0.4 0.6 0.8 1.0
x/c
Figure 5.20: NLR 7301: Pressure and skin friction coefficients: M = 0.8 and M = 0.825
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Angle of Attack Sweep
Zwaaneveld (1979) presents an angle of attack variation at a constant transonic Mach number.
At M = 0.748 the nominal angle of attack αn is changed from −4◦ to 4◦. The Reynolds number
for all cases is Re = 2.2 · 106 and the turbulence level is τ = 0.158 %. The CFD computations
are performed at an angle of attack that gives the same or a similar suction distribution at the
leading edge on the upper surface. Table 5.6 lists the angles of attack and the Mach numbers
for each test case.
Table 5.6: NLR 7301: Angle of attack sweep
αn / deg αcorr / deg αCFD / deg M
−4 −3.8001 −4 0.748
−2 −2.0731 −1.9 0.748
−1 −1.2861 −0.8 0.747
0 −0.3574 −0.35 0.748
0.95 0.2749 0.6 0.747
2 1.1403 1.75 0.748
4 2.9834 3.75 0.748
Figure 5.21 depicts the experimental and computed transition position (Zwaaneveld 1979,
Fig. 4.7, p. A4-16)2. Figures 5.22 to 5.25 depict the computed pressure and skin friction
coefficients and the experimental results. The full lines indicate the results from the CFD
computations and the full symbols the measurements from Zwaaneveld (1979) for the upper
airfoil surface. The dashed line and open symbols indicate the lower surface. The critical
pressure coefficient for M = 0.748 is cp,crit = −0.598 (M = 0.747, cp,crit = −0.6).
Figure 5.22: The computation for αn = −4◦ gives a shock-induced laminar separation on
the lower surface. The boundary layer stays separated up to the trailing edge. In the case of
the experiment, Zwaaneveld (1979) does not give any information if the flow is fully separated
downstream of the shock. On the upper surface, the laminar separation is connected to a weak
shock in the computation. The experimental data indicate a larger separation. For αn = −2◦,
the transition model predicts the size of the laminar separation on the upper and lower surface
too small. The agreement between CFD and experimental results is reasonable for αn = −2◦.
2These angles of attack do not correspond to the nominal angles of attack given for the α sweep.
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Figure 5.21: NLR 7301: Transition locations for the angle of attack variation
Figure 5.23: The experimental transition position on the upper surface at αn = −1◦ is in the
aft section of the airfoil. At αn ≈ −0.75◦ the transition position is unstable and moves towards
the leading edge for increasing angles of attack (Zwaaneveld 1979). In the computation, the
transition position has already moved to the leading edge at αn = −1◦. For αn = 0◦ the CFD
model predicts a first shock close to the leading edge, which is not present in the experiment.
The flow on the lower surface is well predicted.
Figure 5.24: The overall agreement for αn = 0.95◦ is good. The shock at x/c ≈ 0.6 is too
strong and the size of the separation bubble is too large in the computation. On the lower
surface, the separation bubble is too small compared to the experimental data. At αn = 2◦ the
boundary layer separates at mid-chord in the CFD computation and in the experiment. The
predicted size of the separation bubble and the reattachment behavior of the flow differ from
the experiment.
Figure 5.25: At αn = 4◦ the boundary layer separates too far upstream in the computation.
The predicted flow is detached up to the trailing edge downstream of the shock. There is no
information on the experimental trailing edge flow. The flow on the lower side of the airfoil is
probably fully attached in the experiment. The CFD model predicts a small laminar separation.
The transition behavior given by the γ transition model is qualitatively similar to the
experimental results. For boundary layer flows with large separations, there is no exact way to
determine the end of the transition region. This increases the uncertainties in the comparison
of experimental results with CFD computations. Transonic boundary layer flows with large
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separations require a further calibration of the transition model and the underlying turbulence
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Figure 5.22: NLR 7301: Pressure and skin friction coefficients: αn = −4◦ and −2◦
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Figure 5.25: NLR 7301: Pressure and skin friction coefficients: αn = 4◦
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5.2.2 NACA 65(215)-114
The technical report by Braslow and Visconti (1948) contains experimental results for low Mach
number flows at Reynolds numbers up to Re = 60 · 106 with free boundary layer transition on
a NACA 65215 − 114 airfoil. The airfoil is depicted in Fig. 5.26. The test is conducted in the
Langley two-dimensional low-turbulence pressure tunnel. The basic design idea for this airfoil
is described by Abbott et al. (1945). The identification number gives the main aerodynamic
characteristics of the airfoil (Abbott et al. 1945): A NACA 6 series laminar airfoil with a
minimum pressure location at 50 % chord length and a maximum thickness of t/c = 14 %. The
design lift coefficient is cl, design = 0.1. For cl = cl, design ± 0.215 a favorable pressure gradient
exists on the upper and lower airfoil surface.








Figure 5.26: NACA 65215 − 114: Geometry
Von Doenhoff and Abott (1947) present information on the turbulence level of the Langley
two-dimensional low-turbulence pressure tunnel. The results of Braslow and Visconti (1948)
are used by Granville (1953) to give a correlation for boundary layer transition in favorable
pressure gradient flows.
Braslow and Visconti (1948) present transition locations for a variation of Reynolds number
at a constant lift coefficient of cl = 0.14. The short technical note only states, that “it was
possible to maintain the tunnel Mach number below 0.2 for the complete range of Reynolds
number investigated” (Braslow and Visconti 1948, p.4). Therefore, the exact Mach number is
not known and set to M = 0.2 in the computation. The angle of attack is set to give a lift
coefficient of cl = 0.14.
Table 5.7 presents the data given by Braslow and Visconti (1948) and by von Doenhoff
and Abott (1947). Table 5.8 lists the CFD results. The transition location is defined as the
local maximum in the cf distribution downstream of the transition onset. Braslow and Visconti
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Table 5.7: NACA 65215 − 114: Data presented by Braslow and Visconti (1948) and by von
Doenhoff and Abott (1947)
Re /106 τ / % x/cT, up x/cT, low
20 0.03 0.46 0.495
30 0.05 0.375 0.43
40 0.08 0.32 0.36
50 0.16 0.275 0.28
Table 5.8: NACA 65215 − 114: Results for turbulence levels given by von Doenhoff and Abott
(1947)
Re /106 τ / % cl α / deg x/cT, up x/cT, low
20 0.03 0.1399 0.365 0.524 0.536
30 0.05 0.1398 0.38 0.386 0.473
40 0.08 0.14 0.39 0.263 0.32
50 0.16 0.14 0.5 0.165 0.217
(1948) use a multitube pressure probe to obtain the airfoil pressure distribution. A pressure
parameter is defined to determine the transition location. The parameter remains constant for
a laminar boundary layer flow and increases for a transitional flow. There is no information on
the transition zone length in the experiment.
The flow at Re = 30 ·106 is used to calibrate the model. Therefore, the transition location is
in good agreement with the experimental data. The agreement for the other Reynolds numbers
is lower. Figure 5.27 depicts the transition location given by Braslow and Visconti (1948) and
the CFD results. For Reynolds numbers above Re = 30 · 106 and with increasing turbulence
level, the transition position is predicted too far upstream by the γ transition model. For
Re = 20 · 106, the transition location is predicted too far downstream.
Table 5.9 presents the effect of the turbulence level compared to the combined effect of the
turbulence level and the pressure gradient on the transition onset. The value of Kt is evaluated
on the upper surface at the first intermittency increase. The increase in the turbulence level
gives a decrease in Reθt = f(τ). The transition location shifts upstream into a region with a
stronger favorable pressure gradient as the Reynolds number increases. Therefore, Kt increases
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Figure 5.27: NACA 65215 − 114: Transition locations from Braslow and Visconti (1948) and
from the γ transition model
Table 5.9: NACA 65215 − 114: Effect of turbulence level and Kt on Reθt
Re /106 Kt Reθt (τ, Kt) /Reθt (τ) Reθt (τ) Reθt (τ, Kt)
20 0.0151 1.04 1665 1732
30 0.0963 1.25 1379 1724
40 0.1538 1.38 1164 1606
50 0.2852 1.63 911 1485
with the Reynolds number, which has a stabilizing effect on the boundary layer. Overall, the
stabilizing effect of Kt is canceled out by the turbulence increase.
Braslow and Visconti (1948) state, that “the turbulence level of the tunnel is only a few
hundredths of 1 percent” (Braslow and Visconti 1948, p. 3). This is not in accordance with
the data presented by von Doenhoff and Abott (1947). To account for these discrepancies, a
second set of computations is performed for a turbulence level of τ = 0.05 % for all Reynolds
numbers.
Table 5.10 presents the flow conditions and transition locations for this set of CFD com-
putations. Figure 5.28 depicts the transition locations compared to the data from Braslow
and Visconti (1948). Except for Re = 20 · 106, the transition location on the upper surface is
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Table 5.10: NACA 65215 − 114: Results for τ = 0.05 %
Re /106 τ / % cl α / deg x/cT, up x/cT, low
20 0.05 0.1401 0.37 0.498 0.511
30 0.05 0.1398 0.38 0.386 0.473
40 0.05 0.1403 0.385 0.322 0.391
50 0.05 0.1403 0.385 0.281 0.341
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Figure 5.28: NACA 65215 − 114: Transition locations from Braslow and Visconti (1948) and
from the γ transition model for τ = 0.05 %
met. Equation 4.28 for Reθt gives a strong variation in the low turbulence regime. A further
improvement of the transition model requires detailed data on the exact turbulence level for
each Reynolds number.
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5.2.3 NLF(1)-0414F
McGhee et al. (1984b) present wind tunnel results for the NLF(1)-0414F airfoil for Reynolds
numbers up to Re = 10 · 106 at low to moderate Mach numbers M = 0.05 ... 0.4. The report
contains aerodynamic coefficients cl, cd, and cm and pressure distributions for various angle of
attack sweeps. The aerodynamic coefficients are given in terms of corrected values. No wind
tunnel correction is included for the pressure coefficients.
The NLF(1)-0414F is designed for a lift coefficient of cl = 0.4 ... 0.45 at a Reynolds number
of Re = 10 · 106 and Mach numbers M ≤ 0.4. The boundary layer flow on the upper side of
the airfoil is accelerated up to x/c ≈ 0.7 to allow a large extent of natural laminar flow. The
leading edge is a compromise between a sharp nose for a wide laminar drag bucket and a blunt
nose for better cl,max performance (McGhee et al. 1984b). The airfoil is depicted in Fig. 5.29.








Figure 5.29: NLF(1)-0414F: Geometry
The experiment is conducted in the Langley Low-Turbulence Pressure Tunnel. McGhee
et al. (1984b) state that the turbulence level is less than τ = 0.08 % for unit Reynolds numbers
below 6 ·106 1/ft. The highest chord Reynolds number of Re = 10 ·106 in the experiment results
in a unit Reynolds number of 3.3 · 106 1/ft. Additional information on the turbulence level is
given by McGhee et al. (1984a). The turbulence level depends on the Reynolds and Mach
number. Certain combinations of Re and M result in turbulence levels τ > 0.08 % (McGhee
et al. 1984a). Because of the uncertainties in the exact turbulence level, all computations with
the γ and γ-Reθ transition model are performed for τ = 0.08 %.
Table 5.11 lists the Reynolds and Mach number for each experimental run. Each run
contains an angle of attack variation. The lowest and highest angles of attack are given in Tab.
5.11. Most important for the validation of the γ transition model are the runs with a high
Reynolds and a moderate Mach number (13, 15, and 28). Although the flow for these cases is
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not transonic, it is a valuable test case for high Reynolds numbers.
Table 5.11: NLF(1)-0414F: Test case data from McGhee et al. (1984b)
Run Re / 106 M αstart / deg αend / deg
3, 4, 6 10.0 0.12 −3.99 7.16
7 8.1 0.09 −2.98 8.23
8, 9 6.1 0.07 −4.02 6.24
10 4.4 0.05 −4.07 5.01
11, 12 3.0 0.07 −4.0 4.17
13 10.0 0.3 −4.06 8.3
15 9.5 0.4 −3.04 6.26
28 10.0 0.23 −3.0 6.32
For comparison, the aerodynamic coefficients cl and cd are taken from the report. McGhee
et al. (1984b) use low-speed wind-tunnel corrections to give corrected values for the aerodynamic
coefficients. The corrections are based on the measured coefficients at each angle of attack, e.g.
cl, corr = f(cl, cd).
Figure 5.30 depicts the corrected lift and drag coefficients from McGhee et al. (1984b) and
the CFD results. The overall agreement for the γ model is good as the extent of the laminar drag
bucket is predicted correctly. In addition, the minimum drag coefficient is in good agreement
for most cases. The lower limit of the drag bucket is in better agreement than the upper limit.
Test cases with a sharp drag bucket limit (e.g. Run 10) are predicted correctly as well as cases
with a smoother transition movement (e.g. Run 28). Two angles of attack from Run 15 are
used for the calibration of the γ transition model. Therefore, Run 15 has to be excluded as a
validation test case. Both angles of attack are given by full red symbols in Fig. 5.30.
For high angles of attack, the lift coefficient agrees reasonably well, but there are strong
deviations in the drag coefficient. McGhee et al. (1984b) state that the drag rise for high angles
of attack is caused by turbulent trailing edge separations. In the case of the CFD computations,
the boundary layer does not separate or separations are limited to small portions of the chord
length.
The γ-Reθ transition model gives no laminar drag bucket for the high Reynolds number
flows. For Run 10 and the combined Run 11, 12, a laminar drag bucket is predicted, but the
agreement at the drag bucket limit is better for the γ transition model.
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In the DLR project ALLEGRA, a wind tunnel model for a test campaign in the Cryogenic
Wind Tunnel in Cologne (DNW-KKK) is developed. The airfoil is based on the NLF(2)-0415
and will be named NLF(2)-0415M. The airfoil is modified to reduce the aerodynamic moment.
This is achieved by a modification of the aft section of the lower surface. The airfoil geometry of
the NLF(2)-0415M is provided by DLR AS-HGK. The NLF(2)-0415 and the modified NLF(2)-
0415M are depicted in Fig. 5.31.









Figure 5.31: NLF(2)-0415M: Geometry
The NLF(2)-0415 is a laminar airfoil for a commuter aircraft (Somers and Horstmann 1985).
The design point is the sea-level climb condition at Re = 18 · 106, M = 0.38, and a section lift
coefficient of cl = 0.38. The laminar drag bucket ranges from cl ≈ 0.1 ... 0.5. The transition
position inside the laminar drag bucket is given at x/c = 0.7 on the upper surface and at
x/c = 0.5 on the lower surface. The desired low section drag over a large lift coefficient range
results in a sharp drag bucket limit with a fast movement of the transition position (Somers
and Horstmann 1985, p. 3).
Computations for the NLF(2)-0415M are performed at Re = 15 · 106, M = 0.38 for a fully
turbulent and transitional flow. For the fully turbulent computations, the SST k-ω turbulence
model is used. The γ transition model, the γ-Reθ transition model, and the eN method are
used for the transitional computations. The turbulence level is set to τ = 0.1 %. In the case
of the eN method, a critical N factor for Tollmien-Schlichting transition NTS = 9 is chosen.
Both values correspond to disturbance environments found in modern wind tunnels. An angle
of attack sweep α = −4◦ ... 4◦ is computed that covers the laminar drag bucket. The results
are presented in Fig. 5.32.
The results from the γ-Reθ transition model differ strongly from the other transition pre-
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Figure 5.32: NLF(2)-0415M: Lift and drag curves
diction methods. The γ-Reθ model does not give a laminar drag bucket. The lift coefficients
are almost identical to the fully turbulent results and the drag benefit is small. The γ model
predicts a drag bucket that is wider than for the eN method and the upper drag bucket limit is
sharper with a negative ∆cl/∆α. The predicted coefficients outside the drag bucket agree for
both methods. The eN method does not give a steady solution for α = −0.4◦ as the transition
position is unstable.
Figure 5.33 depicts the pressure and friction coefficients for the SST k-ω turbulence model
and the γ-Reθ transition model. The pressure distributions are almost identical for both flow
types. For α = −3.2◦ and −1.2◦, transition on the upper surface is predicted in a favorable
pressure gradient region, which is unlikely for the given disturbance environment. In the case
of α = −3.2◦, transition on the lower surface of the airfoil is caused by the suction peak and
the γ-Reθ model gives a reasonable result. For α = −1.2◦, the model gives an implausible
transition position in a favorable pressure gradient region on the lower surface.
The eN method and the γ transition model give the same transition behavior for the angels
of attack depicted in Fig. 5.34. In the case of the eN method, the transition position is slightly
downstream and a small laminar separation bubble exists on the upper side of the airfoil. The
differences are most likely caused by the fact that the definition of the disturbance environment
is different for both methods. Although simple correlations exist, there is no exact translation
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Figure 5.33: NLF(2)-0415M: Pressure and skin friction coefficients for the SST k-ω turbulence
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Figure 5.34: NLF(2)-0415M: Pressure and skin friction coefficients for the eN method and the
γ transition model
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5.2.5 Grid Dependency: Airfoil
This section presents the effect of grid density on the NLR 7301 calibration test case at M =
0.299. Four different grids are tested with different chord wise grid spacings. The first cell
height is not changed and gives a maximum y+ value below 1. Table 5.12 presents the grids
with the approximate number of points along one airfoil surface p, the number of points in one
symmetry plane n, and the fraction of cell length to chord length ∆x/c. The grid at the leading
and trailing edge is slightly finer than the value given by ∆x/c.
Table 5.12: NLR 7301: Grid dependency
p n n−1/2 · 103 ∆x/c
very coarse 125 66 036 3.891 0.008
coarse 250 124 683 2.832 0.004
medium 500 195 425 2.262 0.002
fine 1000 350 463 1.689 0.001


















Figure 5.35: NLR 7301: Grid dependency
Figure 5.35 depicts the lift and drag coefficients for the different grids. The coarse grid is






















Figure 5.36: NLR 7301: Pressure and skin friction coefficient distribution for the medium and
very coarse grid at M = 0.299
gives a smaller intermittency increase resulting in a larger transition region, which is depicted
in Fig. 5.36. The transition location moves from the suction peak towards the trailing edge as
the intermittency increase at the suction peak is not captured correctly. For flows that show a
strong dependency on local effects, like a strong suction peak, a grid dependence study has to
be performed to capture a grid independent intermittency production.
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5.3 Steady Wing Test Case
The geometry considered is the forward-swept wing of the ALLEGRA design. The geometry is
given by the jig-shape of the ALLEGRA-S FEM model (Klimmek 2014). The natural laminar
flow wing has a leading edge sweep angle of |ΛLE| = 17◦ with a mean aerodynamic chord of
cmac = 4.062 m and a half-span of b/2 = 17.95 m. Computations are performed for Re = 25·106,
α = 2◦, and M = 0.78 with the γ-Reθ transition model, the γ transition model, the TAU
transition module (eN method, LILO, SST k-ω model), and the SST k-ω turbulence model.
The critical N factors are given by NTS = 11 for Tollmien-Schlichting transition and NCF =
10 for crossflow transition (Seitz et al. 2011). For the correlation model computations, a
turbulence level of τ = 0.05 % is used. The critical NTS value and the turbulence level describe
low disturbance environments found in free flight.
The boundary layer grid contains 400 grid points in chord direction, 250 grid points in
span direction, and 100 prism layers with a growth ratio of 1.1 and y+max < 1. In total, the
grid contains 23 · 106 grid points. In the case of the eN method, 38 streamlines along the
wing span are used in the TAU transition prediction module. The streamlines are distributed
approximately equidistant in span direction. The first streamline is given at about y = −1 m.
For positions closer to the symmetry plane, the TAU transition module is not able to trace the
streamline.
Figure 5.37 depicts the skin friction coefficient distribution on the upper and lower side of the
ALLEGRA-S wing for the different transition prediction methods. The transition mechanism is
Tollmien-Schlichting transition for all streamlines investigated with the TAU transition module.
Therefore, a direct comparison of the different methods is possible. The eN method and the γ
transition model agree reasonably well on the suction and pressure side. The γ model gives a
more upstream transition onset in the wing inboard region for both sides and on the wing tip on
the suction side. The strong shock-induced separation at y ≈ −2 m to −4.5 m is reproduced.
The γ-Reθ transition model is not able to reproduce the transition behavior of the eN method
on either side of the wing.
Table 5.13 gives the lift and drag coefficients for the different transition prediction methods
and the fully turbulent computation. The eN method and the γ transition model give similar
results. The drag and lift benefit by a partly laminar flow compared to the fully turbulent































Figure 5.37: Skin friction coefficient distribution for the ALLEGRA-S wing geometry: γ-Reθ
transition model (left), γ transition model (middle) and eN method (right)
Table 5.13: Lift and drag coefficients for the ALLEGRA-S wing
method CL CD
γ-Reθ transition model 0.4997 0.01996
γ transition model 0.5458 0.01892
eN method 0.5514 0.01867
SST k-ω model 0.4887 0.02029
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5.4 Unsteady Airfoil Test Cases
5.4.1 CAST10-2: Unsteady Validation
CAST10-2: Test Case Description
The unsteady transition behavior of the γ transition model is investigated for the CAST10-2.
The CAST10-2 is part of a family of airfoils designed for a transonic commercial transport
aircraft. The design methodology is given by Stanewsky and Zimmer (1980). The design
constraints for the CAST10-2 include a small pitching moment and a thick trailing edge to
include a flap system (Stanewsky et al. 1984). The design point is given at M = 0.76, α = 0.2◦,
and cl = 0.595 (Stanewsky and Zimmer 1980). The section coordinates are documented by
Dress et al. (1983).
In the given coordinate system, the trailing edge is located below the reference line. If a
chord line from the leading to the trailing edge is defined, this line is 0.88◦ nose-up compared to
the reference line (Mineck 1989). All results are computed in the reference coordinate system
according to Dress et al. (1983). The CAST10-2 is depicted in Fig. 5.38.








Figure 5.38: CAST10-2: Geometry
The unsteady aerodynamics of the CAST10-2 have been investigated in the Transonic Wind
Tunnel Go¨ttingen (DNW-TWG) (Mai and Hebler 2011; Hebler 2013; Hebler et al. 2013). The
wind tunnel campaign ALF3 3 in the DLR project ALLEGRA4 provides flow measurements
at transonic Mach numbers and Re = 2 · 106 for the CAST10-2. The measurements show
nonlinearities in the lift curve caused by a strong movement of the transition location with
3Aeroelastik des Laminarflu¨gels
4Aeroelastic stability and loads prediction for enhanced green aircraft
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angle of attack. Forced pitch oscillations are used to investigate the unsteady aerodynamics
with free boundary layer transition. The wind tunnel model is equipped with hot-film sensors
to detect the boundary layer state, accelerometers to measure the pitch motion, and unsteady
pressure sensors to determine the pressure distribution (Hebler et al. 2013).
The ALF 3 results for M = 0.7 and Re = 2 ·106 are used to validate the unsteady transition
behavior of the γ model. First, the steady lift curve is computed to evaluate any difference
in the steady predictions. The results are compared to the experimental data in terms of lift,
drag, and pressure coefficients. Second, a forced motion computation is used to evaluate the
unsteady transition behavior at k = 0.05.
The turbulence level in the DNW-TWG depends amongst other parameters on the Mach
number. For the 2011 turbulence measurement campaign, Meyer et al. (2012) report an increase
of the turbulence level up to M = 0.75 for the adaptive wind tunnel section. Fehrs (2015)
proposes a turbulence range of τ = 0.25 % to 0.4 % based on the unfiltered and rigorously
filtered energy spectral density of the velocity fluctuations for M = 0.7. In the computations
with the γ transition model, a turbulence level of τ = 0.35 % is used.
The computations are performed on a computational grid with a cell length of ∆x/c ≈ 0.002
and y+max < 1. The farfield is about 100 chord lengths away from the airfoil.
CAST10-2: Steady Results
Figure 5.39 depicts the lift and drag coefficients from the ALF 3 experiment (Hebler 2013)
and from the computation with the γ transition model. The experimental lift coefficients are
obtained from the integrated pressure measurements. In addition to the mean value of cl,
the standard deviation is indicated by the error bars. The investigated angles of attack are
steady with only minor deviations from the time-averaged mean value. The experimental drag
coefficients are based on wake measurements.
The computational results reproduce the lift curve with a certain offset in the angle of
attack. The upper laminar drag bucket limit is given at slightly higher lift coefficients by the
γ transition model. There is a reversal of the lift curve slope in the CFD computation, which
is not found in the experimental data. The drag coefficients are matched reasonably well. The
minimum drag inside the low drag range is predicted correctly as well as the behavior above
the drag bucket limit.
The wind tunnel experiment is conducted in the closed circuit, adaptive test section of the
DNW-TWG. The top and bottom walls of the wind tunnel are adapted to have a minor effect
on the airfoil pressure distribution. No wind tunnel corrections exist for the DNW-TWG that
account for circulation, blockage, or sidewall effects. In the computation, a farfield condition is
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Figure 5.39: CAST10-2: Lift and drag curves
used. A slight buckling of the model downstream of x/c = 0.5 is given under loading (Hebler
2013). Although the model deformations are small, any difference in camber or the trailing
edge influences the circulation over the airfoil. The model deformation is not included in the
computation. Hebler et al. (2013) use a wind tunnel correction of ∆αcorr = −0.3◦ and an
additional Mach number correction of ∆Mcorr = −0.01 to reproduce the steady lift curve at
M = 0.75 with MSES. A similar angle of attack correction would improve the lift coefficient
results.
Figure 5.40 to 5.42 depict the pressure coefficient distributions for certain angles of attack
along the lift curve. The dashed black line gives the critical pressure coefficient. In addition, the
skin friction coefficient distributions are depicted for the γ transition model. Figure 5.40 depicts
two angles of attack inside the laminar drag bucket. The laminar boundary layer separates
on both sides of the airfoil. The γ transition model predicts a smaller separation bubble than
indicated by the experimental pressure distribution for α = −0.955◦. The experimental pressure
distribution for α = −0.56◦ is reproduced by the transition model.
Figure 5.41 depicts two angles of attack at the drag bucket limit in the range of the nonlinear
lift increase. The transition location moves upstream for increasing angles of attack on the
suction side of the airfoil. The CFD computation gives lower pressure coefficients downstream
of the leading edge compared to the experimental data. The flow is transonic in this region.
Downstream of the transition location, the pressure coefficient distribution is well predicted for
both angles of attack.
Figure 5.42 depicts two angles of attack above the laminar drag bucket limit. The transonic
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Figure 5.41: CAST10-2: Pressure and skin friction coefficients for α = 0.056◦ and 0.262◦
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Figure 5.42: CAST10-2: Pressure and skin friction coefficients for α = 0.669◦ and 1.077◦
ration in the case of α = 1.077◦. Although there is a certain fluctuation in the experimental
pressure coefficients at the predicted shock location, the experimental flow is shock free. For
all angles of attack, the γ transition model predicts a separation bubble on the pressure side of
the airfoil that is too small compared to the experimental data.
CAST10-2: Unsteady Results
The γ transition model is used to compute a harmonic pitch oscillation of the CAST10-2 at
M = 0.7 for αm = 0◦, α̂ = 0.8◦, and k = 0.05. The mean angle of attack in the experiment is
αm = 0.034◦. Figure 5.43 depicts the unsteady lift coefficients given by the γ model and the
phase averaged lift coefficients from the ALF 3 experiment. In the experiment, 128 data points
are measured every period. The computational lift coefficients are depicted for a single period.
For the unsteady computation, 5000 time steps per period with 1000 inner iterations (single
grid) are used. The base flow at α = 0◦ is slightly unsteady in the computation. In addition to
the unsteady lift coefficients, the steady lift curves are given by the open symbols on the left.
The experimental and CFD data show an unsteady lift response with nonlinear effects as
the aerodynamic response includes higher harmonics. At maximum deflection in the linear lift
curve region, there is little difference between the steady and the unsteady lift coefficients. The
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laminar drag bucket limit shifts to higher angles of attack during the up-stroke and to lower
angles of attack during down-stroke. The experimental data show a smooth variation of cl as
the transition location changes at the drag bucket limit. The γ transition model gives a more
sudden change, especially during the down-stroke.













Figure 5.43: CAST10-2: Steady (left) and unsteady (right) lift coefficients for α̂ = 0.8◦
Figure 5.44 depicts the transition location over one pitch period from the ALF 3 experiment
and the CFD computation. The experimental data are read from Figure 209 given by Hebler
(2013), which depicts the AC voltage signal for each hot-film sensor along the suction side
of the CAST10-2 for one pitch period. Hebler (2013) differentiates between laminar regions,
intermittent flow regions, separated boundary layer flow, and fully turbulent flow. The flow
states are indicated in Fig. 5.44. In the range of t/T ≈ 0.35 to 0.6, the actual boundary
layer state is unidentified as the AC voltage signals do not give a laminar flow downstream of
x/c ≈ 0.15 up to the intermittent region.
The computational results are evaluated every 50 time steps based on the skin friction
coefficient distribution. The strongest increase in cf is detected and the downstream maximum
in cf is taken as the location, at which the fully turbulent boundary layer state is reached.
In the following, this point is referred to as transition location. These locations are depicted
by the red line in Fig. 5.44. In addition, any upstream laminar separation is identified by
the zero-crossings (separation and reattachment) in the cf distribution. The separation and
reattachment locations are both indicated by circles. The unsteady transition behavior is
captured by the γ transition model.
Based on the unsteady pressure data, large regions of separated flow are identified in the
experiment for low angles of attack during up- and down-stroke (Hebler 2013). The boundary
layer separation occurs at a lower angle of attack during down-stroke (α ≈ −0.5◦) than the
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Figure 5.44: CAST10-2: Boundary layer state over one pitch period
reattachment during up-stroke (α ≈ −0.25◦). This phase lag of the separation behavior is
qualitatively reproduced by the γ transition model (down-stroke separation α ≈ −0.25◦, up-
stroke reattachment α ≈ 0◦).
Similar to the experimental data, the predicted separation location does not show a large
variation with angle of attack. However, separation occurs further downstream in the compu-
tation and the size of the separation bubble is small compared to the experimental data. Based
on the evaluation procedure of the cf data, there exists an offset between the reattachment
point and the identified location of fully turbulent flow. One might argue that a reattachment
in an adverse pressure gradient region requires a turbulent state and the transition location
should be identified with the reattachment location. For consistency, the definition based on
the maximum cf value is kept.
For increasing angles of attack, the transition location in the experiment moves upstream.
In addition, large intermittency regions are detected upstream of the fully turbulent boundary
layer. The γ transition model shows a similar behavior, but the transition locations are not
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Figure 5.45: CAST10-2: Pressure coefficient distribution over one pitch period
as symmetric for the up- and down-stroke compared to the ALF 3 data. During up-stroke,
there is a certain fluctuation in the transition location, which is not present for the down-stroke
movement of the airfoil. In addition, there is a small shock induced separation close to the
maximum deflection of the airfoil, which is not given in the experimental data.
The γ transition model predicts the fully turbulent flow too far upstream for high angles
of attack. As the CFD results give a shock at these angles of attack, the transition location
is connected to the shock location with the maximum cf just downstream of the shock. The
pressure coefficient distribution over one pitch period is depicted in Fig. 5.45. As seen in Fig.
5.45, the flow in the experiment is shock free over the pitch period, which gives a fully turbulent
flow further downstream.
No attempt is made to assess the intermittency onset given by the γ transition model. As
explained in Section 5.1, the intermittency variable γ is not suited to represent the physical
intermittency in an experiment. Low values of γ downstream of the transition onset at Reθt
do not alter the boundary layer flow necessarily. The intermittency onset in the computation
does not represent the first intermittent boundary layer flow in the experiment.
CAST10-2: Summary
Aeroelastic considerations require valid aerodynamic models in a wide range of Mach and
Reynolds numbers. The ALF 3 experimental data provide a test case for a high Mach number
flow at a moderate Reynolds number. The validation approach based on farfield conditions
results in an offset in the steady results compared to the experimental data, which would
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require wind tunnel corrections for a further improvement. In addition, uncertainties in the
turbulence level, model deformation, and wind tunnel effects aggravate the comparison between
experimental data and computational results. Although the pressure coefficient distributions
for single angles of attack are not matched exactly, the lift curve at the drag bucket limit, and
to a larger degree the drag coefficients, match the experimental data reasonably well.
The unsteady aerodynamic lift response for a forced pitch motion from the experiment is
reproduced by the γ transition model. The differences found in the steady pressure coefficient
distribution are also present in the unsteady results. The basic transition behavior over the
pitch period is reproduced by the model as the movement of the transition location for the
up- and down-stroke is reproduced. However, large differences exist in the predicted separation
behavior. The pressure measurements indicate large regions of separated flow. The γ transition
model gives only minor separations. However, the CFD based detection of separated flow by
cf values is much more precise than a qualitative identification based on unsteady pressure
sensors.
Flutter predictions require the determination of the frequency-depending aerodynamic loads
for small excitation amplitudes. A final assessment of the γ transition model based on a single
large amplitude test case is not possible as further computations in the high Mach and Reynolds
number range are required.
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5.4.2 NLF(2)-0415M: γ Model and eN Method
The γ transition model is not an unsteady transition model similar to the unsteady method
presented by Radespiel et al. (2007). The transition model does not include any explicit as-
sumptions about the unsteady transition process. Besides this shortcoming, the γ transition
model is applied to the unsteady base flow and the transport equation might provide some in-
trinsic unsteady behavior. To give some qualitative information on this unsteady behavior, the
γ transition model is compared to the steady eN method of the TAU transition module. Because
there is a lack of validated unsteady transition methods, steady eN methods are commonly used
to predict unsteady aerodynamics with free boundary layer transition. The γ transition model
is built to give similar results as the eN method for Tollmien-Schlichting transition. For low
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Figure 5.46: NLF(2)-0415M: Lift, drag, and moment curves predicted by the eN method and γ
model
The NLF(2)-0415M presented in Section 5.2.4 is considered for this unsteady test case at
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Re = 18 · 106 and M = 0.38. The lift curve is computed for a critical N factor NTS = 12. The
results are depicted in Fig. 5.46. The lower drag bucket limit for the eN method is given at
α = −2◦ to −1.5◦. The TAU transition module (LILO) gives an oscillating transition location
on the upper and lower surface of the airfoil in this angle of attack range. At α = 0◦ the
transition location oscillates around x/c = 0.5 on the upper surface.
The TAU transition module gives a stable transition location for α = −1◦ inside the drag
bucket. The pressure and skin friction coefficient distributions for this angle of attack predicted
by the γ transition model and the eN method are depicted in Fig. 5.47. The transition location
is slightly further downstream for the eN method. On the upper surface, the flow separates
and a short laminar separation bubble is present in the case of the eN method. The difference
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Figure 5.47: NLF(2)-0415M: Pressure and skin friction coefficient distribution at α = −1◦
Forced pitch motion computations at single frequencies for k = 0.25, 0.5, 0.75, and 1 are
performed for both transition prediction methods. The reduced frequencies cover the relevant
range for flutter calculations. The amplitude of the harmonic motion is given by α̂ = 1◦ · 10−4
to obtain a linear lift response. Figure 5.48 depicts the magnitude and phase angle of the lift
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coefficient derivative due to pitch clα for αm = −1◦. The linear system identification results
(pulse) are obtained for a maximum amplitude of α̂ = 1◦ · 10−6. The single frequency results
for both transition prediction methods meet the pulse results. The difference in the magnitude
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Figure 5.48: NLF(2)-0415M: Unsteady lift and moment given by the γ transition model and
eN method for α = −1◦
The eN method gives no variation in the transition location over the pitch oscillations.
In the TAU transition module, the transition location is tied to a single grid point. Once
the critical N factor is reached, the turbulence production is activated downstream. The cell
length of ∆x/c = 0.002 is rather fine and the computational time increases significantly for a
refined boundary layer grid, which could provide a better resolution of any transition location
oscillation. In addition to the increase in computational time, a finer grid often results in no
stable transition location at all, especially in the case of separation bubbles and shocks.
In the computation of a steady flow problem, the TAU transition module is called in a
fixed interval of iterations up to a user-defined number of calls. For small transition location
oscillations during the computation, a steady state and a well converged solution is often found
for either transition location given in the last transition prediction step. The steady state
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solution is used to initialize the unsteady computation and the transition location oscillation is
most likely present in the unsteady flow as well. For aeroelastic considerations, small amplitude
perturbations are used to determine the linear aerodynamic response of the system. Once
the oscillation of the transition location is stronger than any disturbance introduced by the
perturbation, the base flow unsteadiness renders the approach impossible because the unsteady
aerodynamic response depends on the initial transition location.
The γ transition model can also encounter oscillations in the transition onset position.
However, the blending given by the intermittency variable γ smoothens the transition behavior




5.4.3 NLF(2)-0415M: Laminar Airfoil
NLF(2)-0415M: Test Case Description
The NLF(2)-0415 is a laminar airfoil designed for medium-speed commuter aircrafts (Somers
and Horstmann 1985). The aerodynamic and aeroelastic behavior of the modified airfoil
NLF(2)-0415M is investigated at the design condition of the NLF(2)-0415. It is given by the
sea-level climb condition at a Reynolds number of Re = 18 · 106 and M = 0.38. The turbulence
level is τ = 0.05 % for this test case.
The steady lift curve is computed and some angles of attack are chosen for unsteady in-
vestigations. The flutter stability is evaluated based on the unsteady aerodynamic data. The
structural model for the flutter analysis is partly adapted from Dietz et al. (2004). The non-
dimensional structural parameters are listed in Tab. 5.14. A wing section with a chord length
of c = 0.5 m, a mass of m = 60 kg, and a bending frequency of fh = 20 Hz is assumed. The
elastic axis is located at quarter-chord. There is no structural damping included.
The computations are performed on a computational grid with a cell length along the airfoil
of ∆x/c ≈ 0.002 and y+max < 1. The farfield is about 100 chord lengths away from the airfoil.
For the unsteady computations, the linear system identification approach (pulse) by Kaiser
et al. (2015) is used for amplitudes of α̂ = 1◦ · 10−5 to 1◦ · 10−6 and ĥ = 10−5 m to 10−6 m.
Table 5.14: Non-dimensional structural parameters from Dietz et al. (2004)
xα = Sα / (mc) rα =
√
Iα / (mc2) ωh/ωα
0.042 0.1828 0.6991
NLF(2)-0415M: Steady Results
Figure 5.49 depicts the lift, drag, and quarter-chord moment coefficients for the transitional and
fully turbulent flow. The turbulent lift increase is linear with angle of attack. The transitional
flow shows a laminar drag bucket with a nonlinear lift increase at the upper drag bucket limit.
No steady solution exists for 0.2◦ < α < 0.55◦ at the upper limit. For the lower drag bucket
limit, no unsteady flow conditions are found (∆α = 0.05◦). The drag bucket limit is clearly
found in the moment coefficient curve.
Figure 5.50 and 5.51 depict the pressure and skin friction coefficient distribution at the drag
bucket limit. For comparison, the fully turbulent flow condition is given at α = −2◦ for the
lower limit and at α = 0◦ for the upper limit. The critical pressure coefficient for M = 0.38
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Figure 5.49: NLF(2)-0415M: Lift, drag, and moment curves
is cp, crit = −4.12. The flow is subsonic for all angles of attack. The transition behavior on
the pressure side determines the lower limit and the behavior on the suction side the upper
drag bucket limit. A small change in the adverse pressure gradient at the leading edge gives
a sudden change in the transition location. There is no stable transition location in-between
the 70 % chord and the leading edge location on the suction surface. The effect of the laminar
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Figure 5.51: NLF(2)-0415M: Pressure and skin friction coefficient distribution at the upper drag
bucket limit
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NLF(2)-0415M: Unsteady Results
Figures 5.52 to 5.55 depict the unsteady results at the upper drag bucket limit. The transitional
result at αm = 0.2◦ inside the laminar drag bucket and at αm = 0.55◦ outside the laminar drag
bucket are compared to the fully turbulent results at αm = 0◦.
The transitional unsteady lift coefficient derivative clα due to pitch is very similar to the
fully turbulent derivative. There are only some minor differences in the phase between k = 0.1
and 0.3. The transitional lift coefficient derivative clh due to heave is almost identical to the
turbulent derivative. In addition, there are only small differences in the transitional results as
the drag bucket limit is crossed. As the lift curve slope is not changed inside and outside the
laminar drag bucket, the unsteady aerodynamic behavior is hardly affected.
The unsteady transitional results for cmα and cmh resemble the turbulent results closely.
The steady transitional moment coefficient curve runs parallel to the fully turbulent curve for
αm > 0.55◦. The steady results indicate a phase shift by +180◦ at the drag bucket limit for the
transitional flow, which is not found in the unsteady data. However, moving from αm = 0.2◦
to 0.55◦, the phase lag of cmα and cmh decreases as the moment curve slope changes (e.g. for















































































































Figure 5.53: NLF(2)-0415M: Unsteady lift and moment for αm = 0.55◦ / 0◦ due to pitch
110












































































































This section presents the flutter results based on the unsteady aerodynamic derivatives at the
upper drag bucket limit. A p-k solver is used to compute the flutter stability for the transitional
and fully turbulent flow. Table 5.15 gives the flutter speed Ufl and the reduced frequency at
flutter kfl. Figure 5.56 and 5.57 depict the frequency and reduced damping for each mode in the
considered velocity range. The transitional results (red) at α = 0.2◦ and 0.55◦ are compared
to the fully turbulent result (blue) at αm = 0◦. The full vertical lines mark the zero damping
crossing.
Table 5.15: NLF(2)-0415M: Flutter results
transitional fully turbulent
αm / deg mode Ufl / (m/s) kfl mode Ufl / (m/s) kfl
0 1 119.0 0.285
0.2 1 112.9 0.297
0.55 1 113.1 0.296
The unsteady aerodynamic data are obtained at a specific Reynolds number, Mach number,
and ambient temperature (T = 273.1 K), which define the thermodynamic state for a given
chord length. A velocity variation with a fixed Reynolds and Mach number results in a density
variation in the flutter calculation. The dashed vertical line in the flutter diagram indicates the
freestream velocity given in the CFD computation UCFD.
The binary model shows classical bending-torsion flutter. As the frequencies of both modes
converge, the damping decreases and the heave-dominated mode gets unstable. The flutter
speed does not change as the laminar drag bucket is left and the difference to the fully turbulent
flutter speed is small. This behavior is already indicated by the unsteady aerodynamic data. A
significant difference exists neither in-between the transitional unsteady results for both angles
of attack, nor for the transitional results compared to the fully turbulent results.
The nonlinearity in the lift and moment coefficient curve resembles the nonlinearities de-
scribed by Fehrs et al. (2015) for the CAST10-2 airfoil at Re = 2 · 106. However, there is no
significant change in the unsteady aerodynamics or flutter stability as described by Fehrs et al.
(2015). The reason is given by the drag bucket characteristic. For both airfoils, the drag bucket
is left as the angle of attack increases with an upstream movement of the transition location.
In the case of the CAST10-2 exist stable transition locations in the nonlinear lift curve region
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Figure 5.57: NLF(2)-0415M: Flutter results for αm = 0.55◦ / 0◦
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Figure 5.58: NLF(2)-0415M: Upper drag bucket limit
with transition positions at mid-chord. This is not the case for the NLF(2)-0415M.
Figure 5.58 depicts the aerodynamic coefficient curves at the upper drag bucket limit for the
transitional flow. The dashed vertical lines indicate α = 0.2◦ and 0.55◦. The flow is unsteady
between these angles of attack. The computation oscillates between the values limiting the
gray area. There is no continuous variation of steady flow solutions at the drag bucket limit
as it is found for the CAST10-2. Assuming linearity at each steady state, the lift curve slope
is not changed at the local extrema of cl at the drag bucket limit compared to the overall lift
curve.
NLF(2)-0415M: Summary
The NLF(2)-0415M encounters a nonlinear lift and moment variation at the drag bucket limit.
As the transition location moves upstream at the upper drag bucket limit, the lift decreases
and the moment around quarter-chord increases. Unsteady computations are performed at the
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drag bucket limit to obtain the aerodynamic derivatives required for a flutter computation.
It is found that there is no significant change in the unsteady aerodynamic characteristic as
the drag bucket is left. Therefore, there are only minor changes in the flutter behavior. The
linearization by small amplitude oscillations around the steady state solution at the drag bucket
limit does not result in a changed flutter behavior. Although the steady results indicate local
extrema in the lift and moment coefficients, there is no change in the unsteady aerodynamics
associated with an inversed lift or moment curve slope.
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5.4.4 RAE 2822: Supercritical Airfoil
RAE 2822: Test Case Description
The second unsteady test case is the supercritical airfoil RAE 2822 in transonic flow at a free
flight Reynolds number. The design coordinates are given by Cook et al. (1979). The airfoil
is depicted in Fig. 5.59. The flow conditions are given by Re = 20 · 106, M = 0.75, and
a turbulence level of τ = 0.05 %. The inviscid design condition is given at M = 0.66 with
cl = 0.56 at α = 1.06◦ (Cook et al. 1979). For this test case, a flow condition is desired, which
gives an interaction of a shock with the laminar boundary layer flow. The structural model is
kept but the chord length is increased to c = 1 m to give flutter results closer to the matched
condition at UCFD.
The computations are performed on a computational grid with a cell length along the airfoil
of ∆x/c ≈ 0.004 and y+max < 1. The farfield is about 100 chord lengths away from the airfoil.
For the unsteady computations, the linear system identification approach (pulse) by Kaiser
et al. (2015) is used for amplitudes of α̂ = 1◦ · 10−5 to 10−6 and ĥ = 10−5 m to 10−6 m.








Figure 5.59: RAE 2822: Geometry
RAE 2822: Steady Results
Figure 5.60 depicts the lift, drag, and quarter-chord moment coefficient curve for the transitional
and fully turbulent flow. The lift increase is linear for both flow conditions up to α = 2◦. There
is no laminar drag bucket because the transition location is far downstream for the whole
angle of attack range. For higher angles of attack, the lift stalls as the airfoil reaches the drag
divergence Mach number.
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Figure 5.60: RAE 2822: Lift, drag, and moment curves
For angles of attack α < 1◦, there is some drag benefit from the laminar boundary layer flow.
This drag benefit is lost for increasing angles of attack. The transitional flow encounters stronger
shocks with shock-induced laminar separations, which increase the airfoil drag strongly. The
moment coefficients of the transitional and fully turbulent flow diverge with increasing angle of
attack. The fully turbulent flow gives a rather linear behavior up to α = 2◦. The transitional
moment coefficient slope increases with angle of attack.
Figure 5.61 and 5.62 depict the pressure and skin friction coefficient distribution for α = 0◦
to 3◦. The critical pressure coefficient for M = 0.75 is cp, crit = −0.59. The flow is transonic
on the suction side. In the case of the transitional flow, the shock is stronger and further
downstream for all angles of attack. The boundary layer is laminar up to the pressure minimum.
Transition is caused by the adverse pressure gradient and not the shock on the upper surface.
For high Reynolds number flows, the intermittency increase occurs over a rather short length
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Figure 5.62: RAE 2822: Pressure and skin friction coefficient distribution for α = 2◦ and 3◦
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shock-boundary layer interaction.
For α > 1◦, the transitional boundary layer shows a shock-induced separation. The fully
turbulent flow requires a stronger shock for the boundary layer to separate, which is given for
α > 2◦. On the lower surface, transition takes place once the adverse pressure gradient region
is reached. For both flow conditions and all angles of attack, the lower surface is shock-free.
For the given angle of attack range, no laminar drag bucket is found. There is no sudden
change in the transition position as it is found for the NLF(2)-0415M. No suction peak develops
on the upper surface of the RAE 2822 for the given flow conditions, which would be required
for an upstream transition position.
RAE 2822: Unsteady Results
Figure 5.63 to 5.66 depict the unsteady results for the mean angles of attack αm = 0◦, 1◦, and
2◦ for a fully turbulent and a transitional flow. Figure 5.63 and 5.64 present the results for
αm = 0◦ for pitch and heave motion. The lift coefficient derivatives clα and clh show a similar
behavior for both types of flow in magnitude and phase with a minor difference for the quasi-
steady magnitude at k = 0 for clα. Only at αm = 2◦, there are some qualitative differences in
the phase of the lift coefficient derivatives as cl,max is approached.
The moment coefficient variation is almost linear for the turbulent flow up to α = 2◦.
The transitional moment coefficients run parallel to the fully turbulent values for low angles
of attack. For angles of attack α > −1◦, the moment coefficients start to diverge from the
turbulent values as can be seen in Fig. 5.60. This increasing difference is also found in the
unsteady moment coefficient behavior (Fig. 5.63 to 5.66). There is a pronounced difference in
magnitude and phase for the unsteady aerodynamic moment.
The transitional flow for αm = 1◦ and 2◦ gives a phase lead of the aerodynamic moment
with Φmα < −180◦. A phase lead enables a 1-dof flutter of the pitch mode. A similar phase lead
is shown for the supercritical CAST10-2 airfoil in a wind tunnel experiment with free transition
by Hebler (2013) and numerically by Fehrs et al. (2015). The phase lead for the CAST10-2 and
























































































































Figure 5.64: RAE 2822: Unsteady lift and moment for αm = 0◦ due to heave
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Figure 5.66: RAE 2822: Unsteady lift and moment for αm = 2◦ due to pitch
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RAE 2822: Grid Dependency
As pointed out above, the intermittency increase is confined to a few grid points along the
surface and there might exist a stronger interaction of the shock with the transitional boundary
layer on a finer grid. Figure 5.67 depicts the pressure and skin friction coefficient distribution




















Figure 5.67: RAE 2822: Grid dependency of cp and cf at α = 0◦
The first intermittency increase (transition onset) on the upper surface is given at x/c ≈
0.585 on the coarse grid. On the finer grid, the transition onset moves slightly upstream to
x/c ≈ 0.57. At the same time, the intermittency growth expands over a larger distance along
the airfoil. Once the laminar boundary layer encounters the adverse pressure gradient region,
the laminar boundary layer separates. The turbulent flow reattaches downstream of the shock.
Although the pressure distribution is hardly affected by the grid refinement, the boundary layer
transition shows a very different characteristic as the flow detaches at the shock location.
Single frequency pitch computations are performed for both grids. The pitch motion has
an amplitude of α̂ = 1◦ · 10−4. The results are compared to the pulse excitation (amplitude
α̂ = 1◦ · 10−5) in Fig. 5.68. There is no pronounced effect of the finer grid on the unsteady
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Figure 5.68: RAE 2822: Grid dependency of clα at αm = 0◦
results for clα. In addition, the single frequency computations match the pulse results. This
indicates an amplitude independence of the results.
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RAE 2822: Flutter Results
This section presents flutter results for the RAE 2822 based on the unsteady aerodynamic data.
The same structural model as for the NLF(2)-0415M given in Section 5.4.3 is used. Table 5.16
presents the flutter speed Ufl and the reduced frequency at flutter kfl for the RAE 2822. Figure
5.69 to 5.71 depict the frequency and reduced damping curves for the fully turbulent (blue)
and transitional (red) flow.
Table 5.16: RAE 2822: Flutter results
transitional fully turbulent
αm / deg mode Ufl / (m/s) kfl mode Ufl / (m/s) kfl
0 1 211.4 0.313 1 207.0 0.319
1 1 226.6 0.297 1 219.0 0.305






















Figure 5.69: RAE 2822: Flutter results for αm = 0◦
The first heave-dominated mode gets unstable for all mean angles of attack. The overall
flutter speed increases with the mean angle of attack and the reduced frequency at flutter is
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Figure 5.71: RAE 2822: Flutter results for αm = 2◦
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decreased. The second mode frequency of the transitional flow bends stronger towards the first
mode as the mean angle of attack is increased, which supports the required mode interaction
for the 2-dof flutter.
The main difference in the unsteady aerodynamics is found for reduced frequencies below
k = 0.3. The structural model gives critical reduced frequencies at flutter of k ≈ 0.3. There-
fore, no pronounced difference between the fully turbulent and transitional flow is found. To
demonstrate the effect of free boundary layer transition, a 1-dof system is considered. The
chord length is changed to c = 0.385 m to obtain a critical reduced frequency at flutter below
k = 0.2. For a constant mass and radius of gyration, a change of the chord length results in a

























Figure 5.72: RAE 2822: 1-dof flutter results for αm = 2◦
Fig. 5.72 depicts the flutter results for the 1-dof model. The transitional (red) results show a
torsional flutter at Ufl = 246.9 m/s with kfl = 0.189. In addition, this case represents a matched
condition as UCFD = 248.5 m/s. At the flutter speed, the indifference point for torsional flutter
with Im (cmα) = 0 is given, which is only possible for the transitional flow as can be seen in
Fig. 5.66.
For the 2-dof system with c = 0.385 m, the torsional flutter does not occur. The structural
and aerodynamic coupling result in an instability of the first, heave-dominated mode with a
severe reduction of the flutter speed compared to the baseline model with c = 1 m.
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RAE 2822: Summary
The unsteady test case for the RAE 2822 covers a high Reynolds number flow at a transonic
Mach number in a low disturbance environment. The steady computations give a linear lift
increase for the fully turbulent and transitional flow. No laminar drag bucket is encountered
as no sudden change in the transition position exists. Although qualitative similar, the transi-
tional moment coefficient shows a stronger variation with angle of attack compared to the fully
turbulent case.
This difference is also found in the unsteady results. The transitional moment coefficient
derivatives show a deviation from the fully turbulent results. Most important, the pitch moment
coefficient shows a phase lead in a certain reduced frequency range, which enables a torsional
flutter. A similar torsional flutter is known for the CAST10-2 airfoil at Re = 2 · 106.
The given structural model results in a similar flutter behavior for both flow conditions. As
the reduced frequency at flutter decreases, the flutter behavior starts to deviate stronger. For
a transonic flow, the effect of transition has to be considered as the separation behavior, shock
strength, and shock position is changed. The different mean flow conditions give a modification





This thesis presents a transition model based on the γ-Reθ transition model. The original
model is reduced to a one-equation model for the intermittency variable γ. The transition
onset is computed based on an algebraic equation that replaces the R˜eθt transport equation.
The correlation includes the effect of freestream turbulence level and pressure gradients on the
onset of transition.
Boundary layer transition in external aerodynamics is usually governed by a low disturbance
environment. Therefore, the dominant transition mechanism is Tollmien-Schlichting transition
or, in the case of 3-dimensional flows, additional crossflow and attachment line transition.
The proposed correlation is based on an extensive study of existing experimental data and
correlations proposed in literature. In contrast to the original model, a strong stabilizing effect
of favorable pressure gradients is identified and included in the model. The pressure gradient
correlation is based on the acceleration parameter K, which can be computed directly inside
the boundary layer.
The model is fine tuned using experimental data for 2-dimensional airfoil test cases at mod-
erate Mach numbers and moderate to high Reynolds numbers. After calibration, a large number
of validation test cases are computed. The model gives reasonable results up to Reynolds num-
bers found in free flight. In addition, the extent of the laminar drag bucket is well predicted
for moderate Reynolds numbers and the model behavior is similar to the well established eN
method.
The γ transition model closes an existing gap for high Reynolds number, external aerody-
namic applications in correlation-based transition modeling. Although the γ transition model
gives reliable results for the considered flows, further work is needed to gather more data to
validate and extend the given model. The transition model can be extended by existing corre-
lations for crossflow transition. Crossflow transition is the main transition mechanism in flows
around conventional aircraft configurations. In addition, a Galilean invariant formulation is
desirable for the calculation of full rotor applications for wind turbines or helicopters. For
airfoils and wings, Galilean invariance is a minor problem.
The unsteady validation test case and the unsteady high Reynolds number computations
set forth the effect of flows with free boundary layer transition on the aerodynamics and the
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aeroelastic behavior. Although boundary layer effects are more pronounced at low Reynolds
numbers, a partly laminar flow still affects the drag and lift at free flight Reynolds numbers.
More important for aeroelastic considerations, the occurrence of laminar separations, shock
positions, and the shock strength are directly influenced by an upstream laminar boundary
layer. These effects enable novel aeroelastic effects like a torsional, transition-induced 1-dof
flutter.
The unsteady computations are based on the assumption that the transport equation ap-
proach gives a qualitative correct representation of the unsteady transition behavior. A further
discussion of the aeroelastic behavior requires additional unsteady wind tunnel test data, which
allow an evaluation of the unsteady transition behavior at high Reynolds numbers. This in-
cludes the influence of unsteady pressure distributions on the boundary layer receptivity process
and the transition process itself to give a comprehensive unsteady transition model.
Boundary layer flows with free transition are more complicated to predict, to discuss, and
the resulting aerodynamic and aeroelastic behavior is hard to predict without any specific and
detailed investigation. Morkovin gives a farsighted advice right at the beginning of his report
that should be followed:
“... don’t get discouraged about transition problems too early - they have a way of
being around for decades.” (Morkovin 1969, p. 7)
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